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Algebra/Geometry – Tutor Introduction
The PASS Concept
PASS (Portable Assisted Study Sequence) is a study program created to help migrant farm
worker students earn credit through semi-independent study with the help of a mentor. The
mentor meets with students on a regular basis to encourage students, answer their questions,
review and discuss assignments and progress, and administer tests. Students can undertake
courses at their own pace and may begin a course in one location and complete it in another.
Goals
The tutor guide is a new handbook developed by the National PASS Center to provide the tutor
who does not have a mathematical background with additional resources to assist them in
providing support for the student. The guide will include algebraic and geometric definitions
plus an annotated listing of necessary axioms, algorithms, postulates, and propositions. Along
with the written definitions, the mathematical concepts will be reinforced with visual
representations. Within the geometry course there are multiple classroom activities provided
called explorations provided; however, there are no activities provided for Algebra, so we have
highlighted some of these mathematical concepts with hands-on, supplementary activities.
Additional activities will also be provided for a few Geometry lessons. These activities may be
presented by the instructor/mentor, or may be performed by the student in a semi-independent
work environment.

While developed to assist the tutor and/or student with successful

completion of a PASS course, the Algebra/Geometry Tutor Guide offers general strategies for
helping any student studying algebra or geometry.

Organization
Part 1

Glossary of Terms — This portion takes the definitions provided in the glossary of
the Algebra and Geometry units, and reinforces them by simplifying the language
and providing visuals where necessary.

i

Part 2

Axioms and Postulates — This portion takes the axioms and postulates provided in
the Geometry Handbook, and reinforces them by simplifying the language and
providing visuals.

Part 3

Propositions — This portion takes the axioms and postulates provided in the
Geometry Handbook, and provides descriptive explanations and proofs of why they
are true.

Part 4

Classroom Extensions — This portion provides extra classroom activities to
provide a visual background for basic mathematical concepts.

Mathematics is not meant to be memorized; it is meant to be understood. This guide has been
written with that goal in mind. Encourage your students to ask questions and exercise their
reasoning skills rather than merely memorizing algorithms.
In part 1 of the guide, the definitions are taken from the glossaries of the Algebra and Geometry
courses. Additional information appears to be written on strips of paper and tacked to the page
so that they may easily be found. Examples are used to illustrate specific concepts. In parts 2
and 3 of the guide, the axioms, postulates, and propositions are taken from the Geometry
Handbook. The original statements are bold and italicized, whereas all additional information
is provided in regular font. In part 4 supplemental activities have been developed for each unit
as detailed in the Table of Contents.
Additional useful online activities, lessons, and web links can be found on the National Council
of Teachers of Mathematics web site:
http://illuminations.nctm.org

ii

National Pass Center April 2009

Algebra/Geometry Tutor Guide
Glossary of Terms
absolute value (of a number): the distance of the number from zero.
•

The absolute value of a number is always positive.
o The following are examples of absolute values.

−5 = 5

3 =3

acute angle: an angle whose measure is between 0 o and 90 o .
acute triangle: a triangle with three acute angles.
addition operation: term + term = sum.
additive inverse (or opposite of a number, x): the unique number –x, which when added to x
yields zero. x + (− x) = 0 , just as 3 + (− 3) = 0

adjacent angles: two angles with the same vertex and a common side between them; angles 1
and 2 are adjacent angles.

1
2

algebraic expression: a mathematical combination of constants and variables connected by
arithmetic operations such as addition, subtraction, multiplication, and division.

•

Algebraic expressions separate terms with operation symbols, but not equal signs.
o The following are examples of algebraic expressions.
3x

5x + 7

x 2 − 11x − 12

algebraic fractions: fractions whose numerator and/or denominator are algebraic expressions.
•

The following are examples of algebraic fractions.

3x
5x + 7

x 2 − 11x − 12
x +1

Glossary of Terms
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algorithm: a rule (or step by step process) used to help solve a specific type of problem.
alternate exterior angles: when a line intersects two parallel lines, eight angles are formed;
two angles that are outside (exterior) the parallel lines and on opposite sides (alternate)
of the intersecting line are called alternate exterior angles.

alternate interior angles: when a line intersects two parallel lines, eight angles are formed;
two angles that are between (interior) the parallel lines and on opposite sides (alternate)
of the intersecting line are called alternate interior angles.

altitude: the perpendicular from a vertex to the opposite side (extended if necessary) of a

altitude

altitude

geometric figure.

angle: the union of two rays with a common endpoint; angles are measured in a counterclockwise direction; the angle’s rays are labeled as initial and terminal sides with the
terminal side counter-clockwise from the initial side.
terminal side

initial side

Algebra/Geometry Tutor Guide
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apothem: the apothem of a regular polygon is the radius of the

apothem

inscribed circle.

arc: any part of a circle that can be drawn without lifting the pencil.

area: the measurement in square units of a closed figure.
•

The following are examples of area problems.
3m
2
A = 5 units

A=

2

5

9π m 2

Associative Property of Addition: terms to be combined may be grouped in any manner;
this property of real numbers may be written using variables in the following way:
(a + b) + c = a + (b + c)

Associative Property of Multiplication: terms to be multiplied may be grouped in any
manner; this property of real numbers may be written in the following way:

a ⋅ (b ⋅ c) = (a ⋅ b) ⋅ c .

auxiliary lines: lines which are added to a figure to help in visualizing a problem or to aid in
the completion of a proof.

Glossary of Terms
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average: typical; although mean, median, and mode are all typical representations of a set of
data, the mean is commonly referred to as the average.
•

To find the average (mean) of a set of data, find the sum of the numbers in the set.
Then, divide the sum by the number of members of the data set.

o The following is the average of the set given. {1, 1, 2, 2, 4, 5, 5, 5, 6, 6}
1+1+ 2 + 2 + 4 + 5+ 5+ 5+ 6 + 6
37
=
= 3.7
10
10

axiom: a statement that is accepted as true without proof.
base: the numbers being used as a factor in an exponential expression; in the exponential
expression 2 5 , 2 is the base.

base angles of an isosceles triangle: the

•

The following is an example of an isosceles

triangle.

angles opposite the equal sides of an
isosceles triangle are the base
angles, which are also equal.

base of an isosceles triangle:

Base Angles
the

Base

congruent sides of an isosceles
triangle are called the legs, while the
third side of the isosceles triangle is

Leg

called the base.

Leg

biconditional statement: a sentence joining a statement and its converse; the sentence
includes the words if and only if which is abbreviated iff.

Example: Water freezes if and only if its temperature is 0° Celsius or below.
This is true since both of the following are true:
• () If water freezes, then its temperature is 0° Celsius or below.
• () If its temperature is 0° Celsius or below, then water freezes.
binary operation: an operation such as addition, subtraction, multiplication, or division that
changes two values into a single value.

Algebra/Geometry Tutor Guide
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binomial:

an algebraic expression consisting of two terms separated by an addition or

subtraction sign.
•

The following are examples of binomials.

x+2

x2 − 7

5 xy − x3

bisector: a line that divides a figure into two equal parts.
o The following dotted lines are examples of bisectors.

1
centi-: a prefix for a unit of measurement that denotes one one-hundredth ( 100
) of the unit.

•

Centi- is a prefix used in the metric system. It can be
used as centimeter, centiliter, or centigram.

central angle: an angle whose vertex is the center of a circle and whose sides are radii of the
circle.

•

∡AOC is a central angle. ∡ABC is not.
A
C
O

B

centroid: the point in which the medians of a triangle intersect.
•

The medians of any triangle intersect at a common point called the centroid.

Centroid

Glossary of Terms
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Chain Rule: a rule of logic that relates two conditional statements in the following
manner.
Premise: If A then B
Premise: If B then C
Conclusion: If A then C

chord: a line segment with endpoints on a circle.
•

Any segment that has its endpoints on a circle is a

chord. Therefore, the diameter is a chord.
o The following are all examples of chords.

radius

circle: the set of all points in a plane at a given distance (the radius)

center

from a given point (the center).

circumcenter: the point of intersection of the perpendicular bisectors of the sides of the
triangle.
•

The perpendicular bisectors of any triangle intersect at a common
point called the circumcenter. The circumcenter is the center of
a circle that has all three vertices of a triangle on it.

Circumcenter

Algebra/Geometry Tutor Guide
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circumference: the distance around the edge of a circle.
circumscribe: a circle is said to be circumscribed about a polygon when all the vertices of the
polygon lie on the circle.
•

This circle has a circumscribed triangle.

closed curve: a curve that can be drawn by starting and stopping at the same point without
lifting your pencil.
•

A circle is an example of a closed curve.

coefficient: the numerical part of a term.
•

In the term 4x, the 4 is the coefficient.

collinear: points on the same line.
•

The points A, B, and C are collinear.
C

B

A

complementary angles: two angles whose sum is 90 o .
•

∡JMK and ∡KML are complementary.
J

K

L

M

Glossary of Terms
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common factor: identical part of each term in an algebraic expression; in the expression ab +
ac, the variable a is the common factor.

common tangent: a straight line that is tangent to each of two circles.
•

The two circles shown share a common tangent.

Commutative Property of Addition: terms to be combined may be arranged in any order;
this property of real numbers may be written using variables in the following way:
a+b = b+a

Commutative Property of Multiplication: terms to be multiplied may be arranged in any
order; this property of real numbers may be written using variables in the following
way: a ⋅ b = b ⋅ a

Comparison Axiom: if the first of three quantities is greater than the second and the second
is greater than the third, then the first is greater than the third; if a > b and b > c,
then a > c.

complex fraction: a fraction whose numerator or denominator or both contain fractions.
•

The following are examples of complex fractions.

1

3
5

1
3

2

1
4
1
2

composite number: a natural number greater than one that has at least one positive factor
other than 1 and itself.

compound statement: a statement connected by the words “and” or “or”.

Algebra/Geometry Tutor Guide
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concave polygon: if it is possible to draw a segment between two
points of a polygonal region so that part of the segment lies

C

D

outside the region, then the polygon is concave.

conclusion: the “then” part of a conditional statement.
concurrent: lines are said to be concurrent if there is exactly one point common to all of the
lines.
•

The three medians of a triangle are concurrent. The point where they intersect is
called the centroid.

Centroid

•

The three altitudes of a triangle are concurrent and intersect at the orthocenter.
C

Orthocenter

•

The three perpendicular bisectors are concurrent and intersect at the circumcenter.

Circumcenter

 Notice the circumcenter does not always have to be within the triangle.

conditional equation: an equation with a finite number of roots.
conditional statement (or implication): a statement of the form “if p, then q”; a conditional
statement is false only if p is true and q is false.

Glossary of Terms
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cone: a 3-dimensional surface composed of a circle and its
interior, a point not on the plane of the circle, and all

slant height

altitude

l

h

the segments from the point to the circle.

base

r

congruent figures: figures with the same shape and size.

radius

conjecture: an educated guess.
conjunction: a compound statement connected by the word “and”; the compound statement
(p and q) is true only if p is true and q is also true.

consecutive even integers: even integers that follow one another such as 2, 4, 6, etc.
consecutive integers: integers that follow each other on the number line such as 7, 8, 9, etc.
consecutive odd integers: odd integers that follow one another such as 5, 7, 9, etc.
constant: any symbol that has a fixed value such as 2 or π.
construction line: a line of indefinite length used as the foundation or starting position for a
construction.

contingency: a logic statement that is sometimes true and sometimes false.
•

A contingency is any logic value that can be

p

considered true or false. The most basic contingency

T
F

is p. This is because p can be either true or false.
For example, the statement “it is raining” is a contingency.

Algebra/Geometry Tutor Guide
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contraction: a process that reduces a figure, creating a smaller but similar figure.
•

△ A ' B ' C ' is the contraction of △ ABC about the origin.
B

B’
A
A’
C

C’

contradiction: a logic statement that is always false.
•

A contradiction is any logic statement

p

∼ p

p∧ ∼ p

that is always false. The following is

T

F

F

T

F
F

an example of a contradiction.

contrapositive:

a conditional statement formed by interchanging and negating both the

hypothesis and the conclusion of the original conditional statement.
Original statement

Contrapositive

p ⇒ q

∼ q ⇒∼ p

converse: if one of the facts in a hypothesis (the given) of a theorem or conditional statement
is interchanged with one of the facts in the conclusion (the to prove), the resulting
statement is a converse of the original one; a statement may have more than one
converse.
Original statement

Converse

p ⇒ q

q ⇒ p

convex polygon: if a segment connecting any two points of a polygonal
region is entirely inside the polygon, then the polygon is convex.

B
A

Glossary of Terms
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coplanar: coplanar points are points in the same plane.
•

The points A, B, C, and D are coplanar.
C
A

D

B

corollary: a theorem that is easily proven; it naturally follows or is a consequence of a
proposition that has been proven.

corresponding angles: if a line intersects two parallel lines, eight angles are formed; two
non-adjacent angles that are on the same side of the intersecting line but one between
the parallel lines and one outside the parallel lines are called corresponding angles.

corresponding parts of congruent figures: if two congruent figures are made to coincide, the
parts that match are called corresponding parts.

cosine (cos): in a right triangle, the cosine of one of the acute angles A is given by the
following ratio: cos A =
•

side adjacent ∠A
hypotenuse

cos A =

4
5
5
3

A
4

counter-example: an example that proves a statement false.
counting numbers (or natural numbers): the set of numbers {1, 2, 3, 4, 5, …}.
cross multiplication: the process of finding equal products in a proportion; if
ad = bc .
Algebra/Geometry Tutor Guide
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cube: a regular 3-dimensional figure with six, equal, square sides.
•

Dice are a real life example of cubes.

cube root: one of the three equal factors of a number.
•

Since 33 = 3 × 3 × 3 = 27 , we know that

3

27 = 3

cylinder: a 3-dimensional surface composed of two congruent circles in
parallel planes, the interior of the circles, and all the line segments

radius
axis

that are parallel to the axis connecting the centers of the circles and
have endpoints on the two circles.

decagon: a ten-sided polygon.

deduction: a process of reasoning that involves drawing a conclusion based on given facts or
hypotheses; also known as a valid argument or a proof.

degree of a constant: zero
•

The degree of a term corresponds to the exponent attached to the variables.
Since a constant is a number with no variable, its degree is zero. Think of it
this way: any value raised to the zero power is 1. So, 3x 0 = 3 (1) = 3 is a

constant. The exponent attached to the variable is zero, so the degree is zero.

Glossary of Terms
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degree of a monomial: the sum of the exponents of the variable factors.
•

Here are some examples of monomials and their degrees.

Monomial Degree

•

3x

1

5x 2

2

7 x2 y3 z

6

Remember, if a variable has no exponent written, the exponent is 1.

degree of a polynomial: the highest degree of any monomial in a polynomial.
•

Here are some examples of polynomials and their degrees.

Polynomial

Degree

3x + 1

1

5x2 + 6x + 1

2

7 x 2 y 3 z − 11x 2 y + 2 y 2

6

denominator: the bottom part of a fraction.
dense: a set of numbers is dense if no matter how close together two numbers in the set are,
another in the set can be found in between them.

descending order: arrangement of the terms of a polynomial so the first term has the highest
degree and each succeeding term is of lesser degree than the term before it.

diagonal: a line segment with endpoints on two non-consecutive vertices of
a polygon.
B

diagonal of a prism: any segment of a prism with endpoints on two
vertices that do not lie in the same face of the prism.
A

Algebra/Geometry Tutor Guide
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diameter: a line segment that passes through the center of a circle and whose endpoints are
points on the circle.
•

The diameter is a chord that goes through the center
of the circle. The diameter is twice the radius.

difference: the answer to a subtraction problem.

dilation: a process that expands a figure creating a similar but larger figure.
•

△ A ' B ' C ' is the dilation of △ ABC about the origin.
B’

B
A’
A
C

C’

direct reasoning: a rule of logic that relates two premises in the following manner:
Premise: If A then B
Premise: A
Conclusion: B

disjunction: a sentence joining two statements with the word “or.”
Distributive Property of Multiplication over Addition: a property of real numbers used to
write equivalent expressions in the following way: a (b + c) = a ⋅ b + a ⋅ c

Distributive Property of Multiplication over Subtraction: a property of real numbers used
to write equivalent expressions in the following way: a (b − c) = a ⋅ b − a ⋅ c

c
a
dividend: the number being divided in a quotient; in b a or = c , a is the dividend.
b
Quotient

division operation: Dividend = Quotient or Divisor Dividend
Divisor

Glossary of Terms
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dominoes: figures formed of two congruent squares placed so that the squares share a side.
elements (of a set): the objects that belong to a set.
ellipse: a plane curve whose path is that of a point, and the sum of whose distances from two
fixed points (called the foci) is a constant.
•

An ellipse is similar to a circle, except it’s stretched out.

foci

empty set: a set that has no elements in it.
Equal Quantities Axiom:

quantities which are equal to the same quantity or to equal

quantities, are equal to each other.

equation: a mathematical statement that two quantities are equal to one another.
equiangular polygon: a polygon with all angles equal.

•

An equiangular

triangle is also an
equiangular triangle: a triangle with all angles equal.

equilateral triangle.
However, an

equilateral polygon: a polygon with all sides equal.

equiangular polygon is
not necessarily an

equilateral triangle: a triangle with all sides equal.

equilateral polygon.

equivalent equations: equations with the same solution set.
exclusive or: indicates one or the other, but not both.
Existence Property: a property that guarantees a solution to a problem.
existential quantifier: ∃ is the existential quantifier. It is read, “there exists” or “for some.”

Algebra/Geometry Tutor Guide
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exponent: tells how many times a number called the base is used as a factor; in 23 = 8 , three
(3) is the exponent.

exterior angle: is an angle formed by one side of a polygon and an adjacent side extended.
B

C

D

A

E

extraneous root: apparent solution to an equation that does not actually satisfy the equation.
extremes: the first and fourth terms in a proportion are called the extremes.
•

In the following proportion, a and d are the extremes.

a
c
=
b
d

factor: one of the numbers multiplied together in a product; if a ⋅ b = c , then a and b are
factors of c.

factored form (of a polynomial):

product of the prime factors of a polynomial; the

expression a (b + c) is written in factored form.

factoring: writing an expression in factored form.
fractals: irregular and fragmented shapes such that a small part of the shape resembles the
whole shape.
•

A fractal is made by taking a shape, contracting it, and organizing it so that it
follows a general pattern. Then, this pattern is repeated as many times as desired.

Glossary of Terms
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Fundamental Theorem of Arithmetic: every composite number may be written uniquely
(disregarding order) as a product of primes.

geometry:

the branch of mathematics that investigates relations, properties, and

measurements of solids, surfaces, lines, and angles.

gram (g): a basic unit of mass in the metric system; 1 gram ≈ .035 ounces.
D

great circle: a great circle is a circle formed on the surface of a sphere
by passing a plane through the center of the sphere. A and B
are points on one great circle and C and D are points on

B

A

another great circle.
C

Greatest Common Factor (GCF): the largest value that divides two or more terms.
heptagon: a seven-sided polygon.

hexagon: a six-sided polygon.
hexominoes: figures formed using six congruent squares, placed so that each square shares a
side with at least one other square.

hyperbola: a plane curve whose path is that of a point, such that the difference of the
distances from the point to two other points (called foci) in the plane is a positive
constant.
•

The following is an example of a hyperbola.

foci

hypotenuse: the side opposite the right angle in a right triangle.
Algebra/Geometry Tutor Guide
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hypothesis: the “if” part of a conditional statement.

icosahedron: a polyhedron with 20 faces.

identity: an equation that is true for all values of the variable; every real number is a root of
an identity.

Identity Element for Addition: zero is the additive identity element because 0 may be added
to any number and the number keeps its identity; a + 0 = 0 + a = a for any real number

a.

Identity Element for Multiplication: one (1) is the multiplicative identity element because
any number may be multiplied by 1 and the number keeps its identity; 1 ⋅ a = a ⋅1 = a
for any real number a.

impossible equation: an equation that is not true for any value of the variable; an impossible
equation has no roots.

incenter: the point of intersection of the bisectors of the angles of a triangle is called the
incenter of the triangle.
•

The angle bisectors of a triangle are concurrent at the incenter.

Incenter

C

B

inclusive or: implies one or the other or both.
index: the number outside the radical sign that indicates which root is being found; in

3

x,

three is the index.
Glossary of Terms
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indirect reasoning: a rule of logic that relates two premises in the following manner:
Premise: If A then B
Premise: Not B
Conclusion: Not A

inductive reasoning:

the process of reasoning by drawing conclusions on the basis of

examples and experience.

inner product: part of the product when binomials are multiplied;
(a + b) (c + d) = ac + ad + bc + bd; the term bc is the inner product.

integers: the natural numbers, zero, and the additive inverses of the natural numbers;
{…-3, -2, -1, 0, 1, 2, 3…}

irrational number: a real number that cannot be written as the quotient of two integers; an
irrational number, written as a decimal, does not terminate and does not repeat.
For example, the number pi π = 3.14159268...
inscribed angle: an angle whose vertex lies on a circle and whose sides are chords of the
circle.

•

∡ABC is an inscribed angle. ∡AOC is not
A
C
O

B

inscribed polygon: all the vertices of a polygon lie on a circle surrounding it.
interior angle: an angle that lies inside a polygon and is formed by two adjacent sides of the
polygon.

intersect: to cross; two lines in the same plane intersect if and only if they have exactly one
point in common.
Algebra/Geometry Tutor Guide
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intuition: knowledge gained instinctively without the help of reasoning.
inverse:

a conditional statement resulting from negating both the hypothesis and the

conclusion of the original condition statement.
Original statement

Inverse

p ⇒ q

∼ p ⇒∼ q

isometric dot paper: paper that has diagonal rows of dots that form a 300 angle with the
horizon.

isosceles trapezoid: a trapezoid whose non-parallel sides (or legs) are congruent.
leg

leg

isosceles triangle: a triangle with two equal sides.

justification: a process by which one states the reasons for one’s beliefs with a convincing
argument.

kilo: a prefix for measurement that denotes one thousand (1000) units.
kite: a quadrilateral with two pairs of adjacent sides congruent and no opposite
sides congruent.

Law of Contraposition: see indirect reasoning.
Law of Detachment: see direct reasoning.
Glossary of Terms
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Least Common Multiple (LCM): the least common multiple of two or more positive values
is the smallest positive value that is a multiple of each.

legs of an isosceles triangle: the congruent sides of an isosceles triangle are called its legs.
•

The legs are opposite the base angles.
Base Angles

Base

Legs

Legs

line: one of the undefined terms; consists of a set of points extending without end in opposite
directions.

line segment: a subset of a line that contains two points of the line and all points between
those two points.

locus: the path of a point that satisfies certain conditions.
logically equivalent: two statements that have exactly the same truth tables.
•

The statement p → q is logically equivalent to ∼ p ∨ q

p

q

p → q

∼ p∨ q

T

T

T

T

F

T

T

T

T

F

F

F

F

F

T

T

lowest common denominator (lcd)(of two or more fractions): the least common multiple of
the denominators of the fractions.
Algebra/Geometry Tutor Guide
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like radicals: radical expressions with the same radicand and the same index.
like terms: terms which have identical variable factors.
liter (L): a basic unit of volume in the metric system; 1 liter ≈ 1.06 liquid quarts.
literal equation: an equation that contains at least two different variables.
major arc: an arc of a circle that is greater than a semicircle.
•

You must use three points on the circle to

describe the major arc. 
ABC is a major arc.
C

A
B

mean (or arithmetic mean): the sum of a set of data divided by the number of items of data in
the set.

mean proportional: in the proportion

a b
= , b is called the mean proportional.
b c

means: the second and third terms in a proportion.
•

In the following proportion, b and c are the means.

a
c
=
b
d

median: the middle number in a given sequence of numbers.
•

To find the median of a set of numbers, place them in order
and locate the middle number. If there are two numbers in
the middle, the average of those two numbers is the median.

median of a triangle: a line drawn from any vertex to the midpoint of the opposite side.

Glossary of Terms
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median of a trapezoid: a line connecting the mid-points of the non-parallel sides.
meter (m): a basic unit of length in the metric system; 1 meter ≈ 39.37 inches.
1
) of the unit.
milli: a prefix for a unit of measurement that denotes one one-thousandth ( 1000

minor arc: an arc of a circle that is less than a semicircle.

AC is a minor arc.

•

C

A
B

minuend: the number from which something is subtracted; in 5 − 3 = 2 , five (5) is the
minuend.

Modus Ponens: see direct reasoning.
Modus Tollens: see indirect reasoning.
monomial (or term): a single number, a single variable, or a product of a number and one or
more variables.
•

The following are examples of monomials.
3

3x

3x 2 y 3

multiplicative inverse (or reciprocal of a real number x): the unique number,
when multiplied by x, yields 1. x ⋅

1
= 1 if x ≠ 0 .
x

multiplication operation: factor × factor = product
multiplicative property of zero: for any real number a , a ⋅ 0 = 0 ⋅ a = 0 .
natural numbers (or counting numbers): the set of numbers {1, 2, 3, 4, 5, …}.
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negative integers: the opposite of the natural numbers.
negative of a statement: the same statement rewritten with the opposite truth-value.
net: a 2-dimensional figure that can be folded to make a 3-dimensional geometric figure.
•

The following are examples of nets.

Square Pyramid

Cylinder

Rectangular Prism

net for a cube: a hexomino that can be folded into a cube is known as a net for a cube.
•

Not all hexominoes can make a net for a cube.

o The following are hexominoes that can be folded into a cube.

o The following are hexominoes that cannot be folded into a cube.

nonagon: a nine-sided polygon.
numerator: the top part of a fraction.
obtuse angle: an angle that measures between 90 o and 180 o
obtuse triangle: a triangle with one obtuse angle.

octagon: an eight-sided polygon.
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orthocenter: the point in which the altitudes of a triangle intersect.
•

The altitudes of a triangle are concurrent at a point called the orthocenter.

Orthocenter
B

D

C

 Notice the orthocenter does not always have to be within the triangle. Both the
orthocenter and the circumcenter are outside the triangle when the triangle is obtuse.
orthographic projections: views of an object “straight on” or perpendicular to a plane or face
of the object; six orthographic views of 3-dimensional objects are usually shown: the
top, the bottom, the front, the back, the left side and the right side.

octahedron: a polyhedron with eight faces.

outer product: part of the product when binomials are being multiplied;
(a + b) (c + d) = ac + ad + bc + bd; the term ad is the outer product.

parabola: a plane curve whose path is that of a point that is equidistant from a point called the
focus and a line called the directrix.
•

The following is an example of a parabola.

paradox: a statement that is neither true nor false.
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parallel lines: lines in the same plane that do not intersect; the two lines are everywhere
equidistant.

parallelogram: a quadrilateral whose opposite sides are parallel.
pentagon: a five-sided polygon.
pentominoes: figures formed using five congruent squares placed so that each square shares a
side with at least one other square.

percent: divided by 100; the symbol for percent is %.
perfect square: a number whose square root is a natural number.
perimeter: the sum of the lengths of the sides of a figure or the distance around the figure.
perpendicular lines: two lines that form a right angle.
perspective: the technique of drawing objects and spatial relationships on a flat surface so that
they appear three dimensional.

plane: one of the undefined terms; a set of points that form a flat surface extending without
end in all directions.
•

A plane must be defined by at least three
points. The points A, B, and C form a plane.
C
A

B

plane geometry: the branch of mathematics that deals with figures that lie in a plane or flat
surface.

point: one of the undefined terms; a location with no width, length, or depth.
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polygon: a closed figure bounded by line segments.
polyhedron (plural – polyhedra): a simple, closed, three-dimensional form whose surfaces
are polygons.

The flat polygonal surfaces of a polyhedron are called its faces.
The face of a polyhedron includes the polygon and its interior region.
A segment where two faces intersect is an edge of a polyhedron.
A point of intersection of three or more edges is a vertex of a polyhedron.

polynomial: an algebraic expression consisting of one or more terms separated by addition or
subtraction signs.
•

The following are examples of polynomials.

3− x

3x + y

3 x 2 y 3 − 5 xy + 2

positive integers: the collection of numbers known as natural numbers.
postulate: a statement that applies to geometry and is assumed to be true without proof.
premise: a statement used as a basis for drawing a conclusion.
prime numbers: the natural numbers greater than one (1) that have exactly two factors, one
(1) and themselves.

principal square root: the non-negative square root of a number.
prism: a polyhedron with two congruent polygonal faces in parallel planes (bases) and the
other faces bounded by parallelograms (lateral faces).

lateral faces
base

base
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product: the result when two or more numbers are multiplied.
proof: a valid argument that follows logically from premises; the validation of a statement
beyond any shadow of a doubt; also known as a deduction.

proof by contradiction (or indirect proof):

uses the fact that to prove one of two

contradictory statements true it is sufficient to prove that the other one is false; in other
words, to prove a statement is true, assume that it is false and show that this leads to a
contradiction.

proof by demonstration: showing the existence of a solution.
proof by exhaustion: showing that a property or assumption works in every case.
Property of Congruence: any angle or line segment is congruent to itself; called the reflexive
property of congruence.

proportion: an equality of two ratios.
proposition: a statement of a geometric truth.
pyramid: a polyhedron determined by a polygonal region, a point not in the

apex

plane of the region and triangular regions determined by the point and
each pair of consecutive vertices of the polygonal region;

the

polygonal region is called the base of the pyramid, the triangular

base

regions are lateral faces, and the point is called the apex.

quadrilateral: a polygon with four sides.

quantifiers: words such as some, all (or every), and no (or none) sometimes, always, and
never which are used to change the meaning of a statement or make it more explicit.
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quotient: the number resulting from the division of one number by another.
radical: the symbol that tells you a root is to be taken; denoted by

.

radicand: the number inside the radical sign whose root is being found; in

7 x , 7x is the

radicand.

radius (radii): a line segment with endpoints on the center of the circle and a point on the
circle.

•

The radius is half the diameter.
C
O

ratio: proportional relation between two quantities or objects in terms of a common unit.
•

Ratios can be written in three different ways.
a
b

a : b

a to b

rational equations: equations that contain one or more rational expressions.
•

Rational expressions are fractions with monomials and/or polynomials in the
numerator and denominator. The following is an example of a rational equation.
5
3x
x2
+
= 2
x −1 x +1
x +1

rational numbers: the collection of numbers that can be expressed as the quotient of two
integers; when written as a decimal it will terminate or repeat.

ray: a subset of a line that consists of a point and all points on the line to one side of the point.
•

A ray has an endpoint and extends forever in one direction.
B

A
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real numbers: the combined collection of the rational numbers and the irrational numbers.
reciprocal (or multiplicative inverse of a real number x): the unique number which, when
1
multiplied by x, yields 1; x ⋅ = 1 if x ≠ 0 .
x
rectangle: a parallelogram with one right angle.
reflection (or flip): a transformation of an object that creates a mirror image.
•

△ A ' B ' C ' is the reflection of △ ABC about the y-axis.
B

B’

A’

A
C

C’

reflex angle: an angle greater than a straight angle and less than two straight angles.
•

A reflex angle is between 180° and 360° . One of the
interior angles in a concave polygon is a reflex angle.

240°

225°

210°

regular polygon: a polygon whose sides and angles are all equal.

regular polyhedron: a convex polyhedron with all faces identical regular polygons; the
number of edges that meet at a vertex is the same at every vertex.

relatively prime: a pair of numbers with no common factor other than 1.
repeating decimal: a decimal with an infinite number of digits to the right of the decimal
point created by a repeating set pattern of digits.
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rhombus (rhombi): a parallelogram having two adjacent sides equal.
right angle: an angle whose sides are perpendicular; having a measure of 90 degrees.
right prism: a prism whose lateral faces are all bounded by
rectangles.

right triangle: a triangle with one right angle.

•

In a right triangle, the circumcenter is the median of the
hypotenuse, and the orthocenter is the vertex of the right angle.

right pyramid: a pyramid whose altitude intersects the base of the pyramid in the
center of the base.

root: the solution to an equation.
rotation: a transformation of an object created by holding one point, called the center, fixed
and moving the object a given angle in a given direction.
•

△ A ' B ' C is a 90-degree rotation of △ ABC about the point C.
B

A’

A

B’

C

scalene triangle: a triangle with no two sides of equal measure.

scientific notation: a shorthand way of writing very large or very small numbers; the product
of a decimal number greater than or equal to 1 but less than 10 and a power of 10.
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secant: a straight line intersecting a circle in exactly two points.
sector of a circle: the figure bounded by two radii and an included arc of the
Sector

circle.

semicircle: an arc equal to half of a circle is called a semicircle.
set: a collection of objects.
similar figures: figures with the same shape but not necessarily the same size.
similar polygons:

polygons whose corresponding angles are congruent and whose

corresponding sides are proportional; the symbol ~ is used to indicate that figures are
similar.

simple curve: a curve that does not cross itself.
sine (sin): in a right triangle, the sine of one of the acute angles, A, is given by the following
ratio: sin A =

side opposite ∠A
hypotenuse
•

sin A =

3
5
5
3

A
4

solid: A geometric figure having three dimensions.
solid geometry: the part of mathematics that deals with three-dimensional shapes and their
properties.

solution: a value that makes the two sides of an equation equal.
solution set: the set of all roots of the equation.
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sphere: a 3-dimensional surface consisting of all points at a given distance, called the radius,
sphere

from a given point, called the center.

center
radius

square: a rectangle having two adjacent sides equal.

square root: one of the two equal factors of a number.
statement: a declarative sentence that is either true or false, but not both.
straight angle: an angle measuring 180 o .
subset: B is a subset of A, written B ⊆ A, if and only if every element of B is an element of A.
Substitution Axiom: a quantity may be substituted for its equal in any expression.
Minuend

subtraction operation:

− Subtrahend

or

Minuend – Subtrahend = Difference

Difference

subtrahend: the number being subtracted in a subtraction problem; in 5 – 2 = 3, 2 is the
subtrahend.

sum: the result when two numbers are added.
supplementary angles: two angles whose sum is 180 o .
•

If two angles form a straight line, they are supplementary angles.

surface: one of the faces of an object.
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tangent: a straight line touching a circle in one and only one point; the ratio of the side
opposite the angle to the side adjacent the angle; tan A =
•

side opposite ∠A
side adjacent ∠A

The tangent of a circle is always
•

perpendicular to the radius that

tan A =

3
4

intersects the tangent.

5
3

A
4

tangent circles: two circles that are both tangent to the same line at the same point.
•

The following is an example of tangent circles.

tautology: a logic statement that is always true.
•

A tautology is any logic statement that

p

The following is an T
F
example of a tautology.
is always true.

∼ p

p∨ ∼ p

F

T
T

T

term: a single number, a single variable, or a product of a number and one or more variables.
terminating decimal: a decimal with a finite (or countable) number of digits to the right of
the decimal point.
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tessellation: the filling of a plane with repetitions of figures in such a way that no figures
overlap and there are no gaps.
•

In two-dimensional space, the only regular polygons that can create
a tessellation are equilateral triangles, squares, and hexagons.

tetrahedron: a polyhedron with four faces.

tetrominoes: figures formed using four congruent squares placed so that each square shares a
side with at least one other square.

theorem: a proposition to be proven.
translation (or slide): the movement of an object in a given direction along a straight line.
•

△ A ' B ' C ' is a translation of △ ABC 6 units to the right, and 1 unit up.

B’
B

A’
A

C’
C

transversal: a straight line that intersects two or more straight lines.
tra nsversa l
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trapezoid: a quadrilateral with exactly one pair of parallel sides.
triangle: a polygon with three sides.
Trichotomy Property: for all real numbers, a and b, exactly one of the following is true;
a = b , a > b, or a < b

trinomial:

an algebraic expression consisting of three terms separated by addition or

subtraction signs.

triominoes: figures formed using three congruent squares placed so that each square shares a
side with at least one other square.

Uniqueness Property: a property that guarantees that when two people work the same
problem they should get the same result.

universal quantifier: ∀ is the universal quantifier; it is read “for all,” “for every,” or “for
each.”
valid argument: an argument in which all the premises are true and the conclusion is true;
the conclusion follows logically from the premises; also known as deduction or a

proof.
variable: a letter or symbol used to represent a number or a group of numbers.
vertex: the turning point of a parabola; the common endpoint of the two intersecting rays of
an angle.

vertical angles: two non-adjacent angles formed by two, straight, intersecting lines.
•

In the diagram given, ∠1 and ∠3 are vertical angles. So are ∠2 and ∠4 .
2
3

1

4
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vertex angle of an isosceles triangle: the angle formed by the equal sides of the triangle.
vertex of a polygon: a point where two sides of a polygon meet.
volume: the number of cubic units it takes to completely fill a three-dimensional figure.
•

The following are examples of volume problems.
3m

V = 77 cm3

V = 81π m 3

11 cm

9m

1 cm
7 cm

whole numbers: the collection of natural numbers including zero; {0, 1, 2, 3…}

End of Glossary
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Axioms
 Axioms are statements about quantities in general that are accepted as
true without proof. (Things we may take for granted.)
1. Quantities that are equal to the same quantity or to equal quantities are equal to each
other.
For example, if a = b , and b = c , then we know that a = c as well.
Consider three people,

Hector

If Hector and José are the same height,

José

Ramón

and José and Ramón are the same height,

then we know Hector and Ramón must be the same height, without measuring them.
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2. If equals are added to equals, the sums are equal.
If we start with two equal things: a = b
and we add the same amount (5) to each one: a + 5, b + 5
then the results will still be equal: a + 5 = b + 5 .

3. If equals are subtracted from equals, the remainders are equal.
This axiom is almost the same as the previous one. It means that if we have two
equal things (a = b ) and we subtract the same amount from each, then the
resulting things will still be equal (a − 4 = b − 4) .

4. If equals are multiplied by equals, the products are equal.
If two things are equal: a = b ,
and we multiply them by the same number (7): 7a, 7b
their products will equal each other: 7 a = 7b .

5. If equals are divided by equals (not zero), the quotients are equal.
If we have equal quantities: a = b
and we divide them by the same number (2): a ÷ 2 , b ÷ 2
the resulting quotients will also be equal: a ÷ 2 = b ÷ 2 .
Note: We have to say “(not zero)” because dividing by zero is
impossible to do.
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6. The whole of a quantity is equal to the sum of all of its parts, and if all the values are
positive, the whole is greater than any of its parts.
Consider this example:

= $ 0.41
Here, the whole is the total value of these coins ($0.41).
The whole value is equal to the sum of all the parts, or the value of each
individual coin added together (0.41 = 0.25 + 0.05 + 0.10 + 0.01) .
The whole value ($0.41) is always more than the value of any group of one, two
or three coins.

7. A quantity may be substituted for its equal in any expression.
This axiom says that if two things are equal, say x = y , then in an expression,
say, 3 x + 4 , we can switch the x for y. That is to say,
Given: x = y , and an expression, 3 x + 4 , we know,
3x + 4 = 3 y + 4

8. If equals are added or subtracted from unequals or if unequals are multiplied or
divided by the same positive number, the results are unequal in that same order.
This axiom is the same as Axioms 2, 3, and 4, except that now we start with two
things that are not equal. Say, 12 < 36 . This axiom states that if we add,
subtract, multiply, or divide each by the same positive number, the inequality
sign will stay in the same direction.

Addition:

12 + 3 < 36 + 3
15 < 39

True.
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Subtraction:

12 − 7 < 36 − 7
5 < 29

Multiplication:

True.

12 × 2 < 36 × 2
24 < 72

Division:

True.

12 ÷ 6 < 36 ÷ 6
2<6

True.

9. If unequals are subtracted from equals, the results are unequal in the opposite order.
Take two equal things:

10 = 10

and two unequal things:

6>3
10 − 6,

and subtract them in the order:

then 10 − 3

the differences will have a
switched inequality sign.

4 < 7

10. If unequals are added to unequals in the same order, the results are unequal in the
same order.
Take two things that aren’t equal.

4 < 7

Take two more unequal things, using the same sign.

5 < 6

Then add each left number, and each right number.
The sums will always have the same sign.

4 + 5

7 + 6

9 < 13

TIP: To help yourself understand the axioms, particularly axioms eight, nine, and ten,
invent your own examples, and test them out yourself.

Algebra/Geometry Tutor Guide
42

National Pass Center April 2009

11. If the first of three quantities is greater than the second and the second is greater
than the third, then the first is greater than the third.
This axiom is saying that if we have three numbers, a, b, and c, and all we know
is that a > b , and b > c , then we also know that a > c . This is similar to
Axiom 1, but with inequalities. Observe:
Consider three people:

Jim

Marta

Steve

And we only know that,

Jim is taller than Marta,

and Marta is taller than Steve.

Without taking another measurement, we also know that,

Jim is taller than Steve.
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12. Like powers or like positive roots of equals are equal.
This just means that if we have two equal things, say a = b , then we also know,

a2 = b2

a= b

a3 = b3

3

a =3 b

a4 = b4

4

a =4 b

a5 = b5

5

a =5 b

⋮

⋮

an = bn

n

Powers of each are equal,

End of Axioms
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Postulates
 Postulates, like

axioms, are statements that are assumed to be true

without proof. Postulates, however, apply particularly to geometry.

1. A straight line can be drawn to any required length.

l

These are all the same
line.
l

l

2. Two straight lines cannot intersect in more than one point.
NO!! Not a
line.

3. Through two given points, one and only one straight line can be drawn.

A different looking line through these two points either:
- wouldn’t be straight (breaks the geometric definition of a line)
- would be longer or shorter than the one drawn
(This is the same line as the one drawn according to Postulate 1, above.)
4. The length of the line segment connecting two points is the shortest distance between
them.
This is a shorter distance

than this.
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5. A circle may be drawn with any point as the center and with any line segment as
radius.

radius
center

6. All radii and all diameters of the same circle or of equal circles are equal.
Radii

Diameters

r2
r1
r3

d1
r4

r5

d3

d2

d1 = d 2 = d 3

r1 = r2 = r3 = r4 = r5

7. A geometric figure can be moved without changing its size or shape.
We are allowed to slide a shape around without changing it.

8. A line segment has one and only one point of bisection.
This is just saying that a line segment only has one middle.

This symbol is used to denote

9. All right angles are equal.
They all have a measure of 90° .

lines that are perpendicular

(lines that form a right angle).
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10. An angle has one and only one bisector.
This is similar to Postulate 8, in that there can only be one middle to something.
The same is true for angles. For any angle, there is only one way to cut it in
half.

11. Two lines in the same plane must either be parallel or they must intersect.
This is a fancy way to say that lines either cross or they don’t. If they don’t
ever cross, they must be parallel.

12. Through a given outside point there can be one and only one parallel to a given line.
In Euclidean geometry, start with a line, and a point that’s not on the line.

P
l
Notice that there is only one line that:
1)

goes through the point, P

2)

is parallel to the line drawn, line l.

m

p

l
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13. A point is within, on, or outside a circle if its distance from the center is less than,
equal to, or greater than the radius, respectively.
Case i) The distance from the center of a circle to point p is less than the radius.
Point p is within the circle.

p
center

Case ii) The distance from the center of a circle to point p is equal to the radius
of the circle.

p
Point p is on the circle.

center

Case iii) A point’s distance from the center of a circle is greater than the radius
of the circle.

p
Point p is outside the circle.

center

14. A diameter of a circle bisects the circle and the surface enclosed by it; if a line bisects
a circle, it is a diameter.
If you are given that a line is a diameter, you can conclude that the line bisects
the circle. To bisect means to cut something in half. If you are given that a line
bisects a circle, you can conclude that the line is the diameter.

1
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15. Two lines, each perpendicular to one of two intersecting lines, must intersect.
This postulate says that if we have two intersecting lines, l and m

l
m

and we draw perpendicular lines to lines l and m, then they will cross as well.

l

p

m

intersection

n

16. In the same circle, or in equal circles, equal central angles have equal arcs. The
converse is also true.
a. In the same circle

The arcs are also
equal.

If two
central
angles are
equal,
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b. In equal circles, equal central angles have equal arcs.

A

Given equal circles

B

M and N with equal
1

central angles,

m∠1 = m∠2 . Thus,

M

N
2

we know the arcs are

D

equal as well

(mAB

= mCD )

C

c. In the same circle, equal arcs have equal central angles. (converse of a.)
This simply means that if you are given equal arcs within one circle, you may
conclude that the central angles are equal as well.
d. In equal circles, equal arcs have equal central angles. (converse of b.)
This is the same as part c., except that you will be given that the arcs for two
different circles are equal.

17. In the same circle, or in equal circles, the greater of two unequal central angles has
the greater arc. The converse is also true.
Case i) Central angles within the same circle
C
D
A
2

In both cases,
If you are given m∠ 1 > m∠ 2 ,
then you conclude
m AB > m CD

1

The other way around (the

B
Case ii) Central angles within equal circles
A

converse) works as well:
C

If you are given
m AB > m CD , then you

2

1

B
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18. A central angle has the same measure as its arc.
A

1

mAB = m∠ 1

B

19. Any theorem which has been proven true regarding a regular polygon, and which
does not depend on the number of sides of the polygon, is equally true for the circle.
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NOTES

End of Postulates

Algebra/Geometry Tutor Guide
52

National Pass Center April 2009

Propositions
•

Proposition 1: Theorem 2.1

If two sides and the included angle of one triangle are congruent to two sides and the
included angle of another triangle, the triangles are congruent. s.a.s. = s.a.s.
A

With this theorem, we can prove these two triangles
are congruent if we can show the following:
•

C

Two corresponding sides are congruent

B

AB ≅ DE , and BC ≅ EF

D

(denoted by the hash marks)
•

Congruent sides

The angles in between the sides are
congruent (denoted by the arcs)

F

This theorem is often called “Side Angle Side,” or SAS.

•

E

Proposition 2: Theorem 2.2

If two angles and the included side of one triangle are congruent to two angles and the
included side of another triangle, the triangles are congruent. a.s.a. = a.s.a.
The following triangles were proven to be congruent by this theorem, ASA.
Y

M

X

O

Z

G

∠ XYZ ≅ ∠ OMG

(A)

You need to show that two sets of

YZ ≅ MG

(S)

corresponding angles are congruent, and

∠ YZX ≅ ∠ MGO

(A)

as well as the side in between each set of

angles.
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•

Proposition 3: Theorem 2.3
If a triangle is isosceles, the angles opposite the equal sides are equal.
Given an isosceles triangle (a triangle with two equal sides),
B
c

a ≅ c

a

A
C
this theorem tells us that the angles opposite the congruent sides are congruent.
B
c

∠ A ≅ ∠C .

a

A

C

C: An equilateral triangle is equiangular
Using the previous theorem, we find that in an equilateral triangle (a triangle with three
equal sides), all the angles are congruent.
Given this,

3
a

a

b
1

2

•

3

you conclude this.

b
1

2

c

c

a ≅ b ≅ c

∠1 ≅ ∠ 2 ≅ ∠ 3

Proposition 4: Theorem 2.4
If two angles of a triangle are equal, the sides opposite the equal angles are equal.
This is the backwards version, or the converse, of Theorem 2.3.
L
L
Given this,
conclude this,
∠K ≅ ∠M

KL ≅ ML

K

M

K
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C: If a triangle is equiangular, it is also equilateral.
Given a triangle with three congruent angles, you conclude all three sides are also
congruent.

Given this,

you conclude this.

3
a

•

a

b

b

1

2

1

2

3

c

c

∠1 ≅ ∠ 2 ≅ ∠ 3

a ≅ b ≅ c

Proposition 5: Theorem 2.5
If three sides of one triangle are congruent to three sides of another triangle, the
triangles are congruent. s.s.s = s.s.s.

If you can show that all three corresponding sides of two triangles congruent, you can
conclude that the triangles are congruent.
B

A

E

C

D

F

We have AB ≅ DE , BC ≅ EF , and AC ≅ DF , so we conclude that
∆ ABC ≅ ∆ DEF

Propositions
55

National Pass Center April 2009

•

Proposition 6: Theorem 2.6
If two points are each equidistant from the ends of a segment, they determine the
perpendicular bisector of the segment.

Start with a line segment, UV .
V

U

Take a point, p1 , that is the same distance from U as it is from V.

p1

V

U

Take another point, p 2 , that is also the same distance from U and it is from V.

p1

V

U

p2
The line that goes through p1 and p 2 will form right angles (be perpendicular), and
will cross UV in its exact middle (bisector).

p1

V

U

p2
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Proposition 7: Theorem 2.7
Any point on the perpendicular bisector of a segment is equidistant from the ends of the
segment.
Starting with a line segment, AB , and its perpendicular bisector, line l,
l

B

A

we take some points that are on line l.

p1

l

p2
B

A
p3

We know that each point is the same distance from A as it is from B.

p1

l

p2
B

A
p3
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Proposition 8: Theorem 2.8
Two right triangles are congruent if the hypotenuse and a leg of one are equal,
respectively, to the hypotenuse and a leg of the other. h.l. = h.l.
Recall the parts of a right triangle:

This theorem states that if a leg and hypotenuse of one triangle are congruent to a leg
and hypotenuse of another, the triangles are congruent. Observe:
X

A

C

B

Y

These are right triangles ∆ ABC and ∆ XYZ .

(

)

Their hypotenuses are congruent AC ≅ XZ .

(

)

We also see that each has a congruent leg BC ≅ YZ .
Therefore, the triangles are congruent (∆ ABC ≅ ∆ XYZ ) .
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•

Proposition 9: Theorem 2.9
Two right triangles are congruent if the hypotenuse and an adjacent angle of one are
congruent to the hypotenuse and an adjacent angle of another. h.a. = h.a.
Here is an example.
T

O

W

F

Y

B

These are right triangles ∆ OBY , and ∆ TFW .

(

)

Their hypotenuses are congruent OY ≅ TW .
The angles adjacent (next to) each hypotenuse are also congruent (∠ OYB ≅ ∠ TWF ) .
Therefore, the triangles are congruent (∆ OBY ≅ ∆ TFW ) .
•

Proposition 10: Theorem 3.1
An exterior angle of a triangle is greater than either opposite interior angle.

2
This angle

3

1

is always bigger than angle 2 or angle 3.

•

Proposition 11: Theorem 3.2
One and only one perpendicular can be drawn to a given line through a given point.
p

Given a line, and a point
not on that line,
l

p

there is only one line
that goes through p
that is perpendicular
to line l.
m

l
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•

Proposition 12: Theorem 3.3
Two lines in the same plane, perpendicular to the same line, are parallel.
k

j

Since line j is perpendicular to line l, and line k
is also perpendicular to line l, we can conclude
l

•

that line j is parallel to line k. We use these
 
arrows on the lines to show that j  k

Proposition 13: Theorem 3.4
If a line is perpendicular to one of two parallel lines, it is perpendicular to the other also.
k

Given that lines l and m
l

are parallel, and that line k
is perpendicular to line l,

m

k
l

we know that line k is also
perpendicular to line m.

m
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•

Proposition 14: Theorem 3.5
If two parallel lines are cut by a transversal, the alternate interior angles are equal.
1

l

2
3

4

m

t
Parallel lines l and m are being cut by the transversal line, t. From this theorem, we

know ∠1 ≅ ∠ 4 , and ∠ 2 ≅ ∠ 3 .

C1: If two parallel lines are cut by a transversal, the corresponding angles are equal.
1

2

l

4

3

5

6
7

m

8
t

The following angle pairs are congruent:
∠1 ≅ ∠ 5

∠3 ≅ ∠ 7
∠2 ≅ ∠6
∠ 4 ≅ ∠8

C2: If two parallel lines are cut by a transversal, the interior angles on the same side of
the transversal are supplementary.
1

2
3

l

4
5

6
7

8

m

This means that m∠ 3 + m∠5 = 180° , and m∠ 4 + m∠6 = 180° as well.
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C3: If two angles have their sides respectively parallel, they are either equal or
supplementary.
A

Here is ∠ ABC . Let’s make ∠ DEF so that its
parts are parallel to each part of ∠ ABC .
B

C
D

Notice that ∠ ABC ≅ ∠ DEF .
E

F

Now let’s make ∠ GHI so that HG | | BA , and

HI | | BC , and also so that it is not congruent to

G

either ∠ ABC or ∠ DEF .
H
I
∠ GHI is supplementary to ∠ ABC , since we

can put them together and see they form a
straight angle. Observe:

•

Proposition 15: Theorem 3.6
If two lines are cut by a transversal so that a pair of alternate interior angles is equal, the
lines are parallel.
l

1
2

m
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C1: If two lines are cut by a transversal so that a pair of corresponding angles is equal,
the lines are parallel.
Because ∠1 ≅ ∠ 2 , we can

l

1

conclude that lines l and m are

m

2

parallel.

C2: If two lines are cut by a transversal so that the interior angles on the same side of
the transversal are supplementary, the lines are parallel.
If we show that the measures of

l

1

angle 1 and angle 2 add to

2

180° , then we know lines l and

m

m are parallel.

C3: Two lines parallel to a third line are parallel to each other.
l
Since l || m , and n || m , we

m

know that l || n .

n

•

Proposition 16: Theorem 3.7
The sum of the angles of a triangle is equal to a straight angle or 180° .
Why this is true:

For any triangle,
2

2

1

1

3
All the angle measures will add to 180° .
That is, m∠1 + m∠ 2 + m∠ 3 = 180° .

3
Using parallel lines, and
Proposition 14 on alternate interior angles, we
see that ∠ 2 and angles congruent to ∠1 , and
∠ 3 , form a straight angle, 180° .
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C1: A triangle can have but one right angle or one obtuse angle.
Try to make a triangle with two right angles.
It will never be able to close. From this we know a triangle can
have only one right angle.

Similarly, if we try to make a triangle with two obtuse angles,
we see it is impossible to do; so a triangle can
have at most one obtuse angle.

C2: The acute angles of a right triangle are complementary.
In any right triangle,

the total sum of the angles is 180° . If we subtract the measure of the right angle
from the total, we see that 180° − 90° = 90° . The other two angles have to add
to 90° , which means that they are complementary.

C3: If two angles of one triangle are equal, respectively, to two angles of another
triangle, the third angles are equal.
Given:

B
2

1

∠1 ≅ ∠ A

∠2 ≅ ∠ B
3
A

C
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C4: If two triangles have a side, adjacent angle, and the opposite angle of the one equal,
respectively, to the corresponding parts of the other, the triangles are congruent.
Since:
B
E
∠B ≅ ∠E
A

∠A ≅ ∠D

D
C

F

AC ≅ DF
Conclude: ∆ ABC ≅ ∆ DEF

C5: An exterior angle of a triangle is equal to the sum of the two opposite interior
angles.

Notice that m∠1 + (m∠ 2 + m∠ 3) = 180° , and

2

m∠1 + ( m∠ 4) = 180°
4

3

1

Since angle 1 is supplementary to both things in
parentheses, we know that m∠ 4 = m∠ 2 + m∠ 3 .

•

Proposition 17: Theorem 3.8
If three or more parallels intercept equal segments on one transversal, they intercept
equal segments on every transversal.
We’ll show this with just three parallel lines. Given h || w || z , cut by transversal
line t1 at points A, B, and C, such that AB ≅ BC , then any transversal will have
congruent segments between lines h, w, and z, as shown with transversal lines t 2
and t 3 .

t2

t1

t3

A

h
B

w
C

z

Propositions
65

National Pass Center April 2009

C1: If a line bisects one side of a triangle and is parallel to a second side, it bisects the
third side also.
(Figure 1)

(Figure 2)

A

A

b

b

B

C

B

C

In figure 1, we see that line b is parallel to BC and line b also bisects line
segment AB . Because of this, we conclude the following (in figure 2): line b
also bisects AC .

C2: If a line connects the midpoints of two sides of a triangle, it is parallel to the third.
R

Given this triangle, with these
midpoints,

m1

m2
Y

F

R

the line that connects the
midpoints must be parallel to
this side.

h

m1

m2
Y

F
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Proposition 18: Theorem 3.9
Any point on the bisector of an angle is equidistant from the sides of the angle.
Given any angle, say ∠ COY , with angle bisector b …

C
b

O
Y

…and points on angle
bisector b …

C
b
p3

p1

p2

O
Y

…each point is the same

C

distance from OC as it is
from OY .

b
p3

p1

p2

O
Y
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Converse: Any point equidistant from the sides of an angle is on the bisector of the angle.

Given points that are the
same distance from OC
as from OY …

C

p3

p2

p1
O

Y

C

…those points all lie on
the bisector of ∠ COY .

p3

b

p2

p1
O

Y
•

Proposition 19: Theorem 3.10
If two angles have their sides, respectively, perpendicular, they are either equal or
supplementary.
A

On the left, ∠ ABC and

D

∠ DEF have perpendicular
sides, and the two angles are

B

supplementary. On the right,
these angles have perpendicular

F

E
C

sides and equal measure.
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Proposition 20: Theorem 3.11
A line segment connecting the midpoints of two sides of a triangle is parallel to the third
side and equal to half of it.
R

Given this triangle, with these
midpoints,

m1

m2
Y

F

R

the line that connects the
midpoints must be parallel to
this side.

h

m1

m2
Y

F

Also, the length of line segment, m1m2 is half the length of line segment FY .

C: The median of a trapezoid is parallel to the bases and equal to half their sum.
X

In trapezoid XMEN, the

M

median, line segment PQ is

P

such that:

Q

XM , PQ, NE are all parallel,
N

E

and PQ is half of (XM + NE).

Note: To really see this in action, visit the following website:
http://www.mathopenref.com/trapezoidmedian.html
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•

Proposition 21: Theorem 3.12
In a right triangle, the median to the hypotenuse is equal to half the hypotenuse.
Given a right triangle ∆ SAM with hypotenuse SM whose median is AX …

S
X
…AX is half of SM.

A

M

C1: In a 300 − 600 right triangle, the side opposite the 30° angle is half the hypotenuse.
Here is ∆ SLR with angle measures 30°, 60°, 90° .

S
1
x
2

This corollary states that the side opposite the

60°

x

30° angle (side SR ) is half the length of the

hypotenuse (side SL ).

30°

L

R

This can be proven by

drawing the median to the hypotenuse, and showing

the resulting acute triangle is also equilateral.

C2: If the hypotenuse of a right triangle is double one of the sides, then the acute angle
opposite that side is 30 degrees.
Given a right triangle whose hypotenuse is twice the length of one of the sides…

G

30

15

A

T
…the angle opposite that smallest side is 30° .
This is the converse of the last corollary.
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Proposition 22: Theorem 3.13
If two sides of a triangle are unequal, the angles opposite these sides are unequal and the
angle opposite the larger side is the larger angle.
Given side 1 opposite angle 1, and
side 2 opposite angle 2, where side 1

side 2

side1

and side 2 are different lengths.
2

Notice also that side 2 is larger than

1

side 1.

By the proposition, we

conclude that angle 1 and angle 2 are

also different measures, and that angle
2 is larger than angle 1.

•

Proposition 23: Theorem 3.14
If two angles of a triangle are unequal, the sides opposite these angles are unequal and
the side opposite the larger angle is the larger side.
Given side 1 opposite angle 1, and
side 2 opposite angle 2, where angle 1

side1

and angle 2 are different measures.

side 2

2

Notice that angle 2 is larger than
angle 1.

By the proposition, we

conclude that side 1 and side 2 are

1

also different lengths, and that side 2

is larger than side 1.

C: The shortest segment that can be drawn from a given point to a given line is the
perpendicular from the point to the line.
Line segment pt is perpendicular to line l, and pt

p

is the shortest line segment that can be drawn from

t

l

point p that touches line l.
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Proposition 24: Theorem 3.15
If two sides of a triangle are equal, respectively, to two sides of another triangle, but the
included angle of the first is greater than the included angle of the second, then the third
side of the first is greater than the third side of the second.
A

B

D

C

E

F

Triangles ∆ ABC and ∆ DEF have two sets of congruent sides. However, since

∠ A is larger than ∠ D , this tells us that side BC is larger than side EF .

•

Proposition 25: Theorem 4.1
The area of a parallelogram is equal to the product of its base and its altitude.

(Altitude means height.)

h
b

Area = base × height

A = b× h
C1: Parallelograms with equal bases and equal altitudes are equal in area.
Parallelogram KEYS

K

Parallelogram RING

E

R

I

4

S

4

Y

10

Area of KEYS = b × h = 10 × 4 = 40 units

G

10

Area of RING = b × h = 10 × 4 = 40 units

2
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C2: The areas of two parallelograms with equal altitudes have the same ratio as the
ratio of their bases.

Consider two parallelograms whose heights are equal…
Parallelogram CARS

C

Parallelogram LIME
L
I

A
2

2

S

R

6

Area of CARS = 6 × 2 = 12 units 2

E

M

3

Area of LIME = 3 × 2 = 6 units 2

…Now take the ratio of the areas, and compare it to the ratio of the bases. They
will be the same.
Area of CARS
12 units 2
=
= 2
Area of LIME
6 units 2

Base of CARS
6
=
= 2
Base of LIME
3

C3: The areas of two parallelograms with equal bases have the same ratio as the ratio of
their altitudes.
This time, start with two parallelograms whose bases are equal, and find their areas.

Parallelogram PUNK
P

Parallelogram NICE
U

N

I

4
7
N

K

9

Area of PUNK = 9 × 4 = 36 units 2
Area of NICE = 9 × 7 = 63 units

E

2

C

9

Take the ratio of the areas, and compare it with the ratio of the heights. They will
always be equal.

36 units 2
Area of PUNK
4
=
=
2
Area of NICE
7
63 units

Height of PUNK
4
=
Height of NICE
7
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C4: The areas of two parallelograms have the same ratio as the product of their bases
and altitudes.
Given any two parallelograms…
L

M

G

R
4

12
N
O

A

8

I

16
A = 16 × 4 = 64 units 2

A = 8 × 12 = 96 units 2
…the following ratios are equal:
96 units 2 8 units × 12 units
=
64 units 2 16 units × 4 units
•

Proposition 26: Theorem 4.2
The area of a triangle is equal to half the product of its base and its altitude.
1
Area = (b × h)
2

h
b

C1: Two triangles with equal bases and equal altitudes are equal in area.
K
H
4
I

4
6

J

L

Area of ∆ HIJ = Area of ∆ KLM =
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C2: The areas of triangles with equal altitudes have the same ratio as their bases.
Remember, altitude means height. Take two triangles with equal heights, and find
their area.

8

8
10

A=
=

5

1
(b × h )
2
1
(10 × 8)
2

= 40 units 2

A=

1
(b × h )
2

=

1
(5 × 8)
2

= 20 units 2

This corollary says that the ratio of the areas…

 40 units 2


= 2 
2
 20 units

…is always the same as the ratio of the bases.
 10

 = 2
5


C3: The areas of triangles with equal bases have the same ratio as their altitudes.
This is similar to C2 above, except now we start with triangles whose bases are
equal, and find their area.

6 cm
2 cm
8 cm
A=

8 cm

1
(b × h ) = 1 (8cm )(2cm ) = 8 cm 2
2
2
8 cm 2
1
Ratio of areas =
=
2
3
24 cm

1
(b × h ) = 1 (8 cm )(6cm ) = 24 cm 2
2
2
2 cm 1
Ratio of heights =
=
6 cm 3

A=

These ratios are always equal.
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C4: The areas of two triangles have the same ratio as the product of their bases and
altitudes.
Triangle 1

Triangle 2

h1

h2

b1

b2

1
1
× b1 × h1
Area of Triangle 2 = A2 = × b2 × h2
2
2
This corollary allows us to conclude,

Area of Triangle 1 = A1 =

A1
=
A2

•

× b1 × h1
b ×h
= 1 1
1 ×b ×h
b2 × h2
2
2
2
1

2

`

Proposition 27: Theorem 4.3
The area of a trapezoid is equal to half the product of the sum of its bases and its
altitude.
Start with any trapezoid, say one with the following measurements,
8
The area is,
6

A=

14

=

b1

1
((8 + 14) × 6)
2
1
(22 × 6) = 1 (132) = 66 units 2
2
2

In general, the area of a trapezoid is,

A=

h

b2
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C: The area of a trapezoid is equal to the product of its altitude and the segment
connecting the midpoints of the legs.
T

b2

Begin with a trapezoid, in this case

trapezoid TRAP, whose altitude, or

R

height, is h. Notice that the legs of
h
P

TRAP are segments TP and RA .

A

b1

The midpoints of the legs are labeled

T

b2

points M and J.

R

Now, the area of

trapezoid TRAP is given by the length
m

M
P

h

J

h, or ( A = m × h ) . This is because

A

b1

of the segment, MJ , times the height,

m =

( b1

+ b2 )
2

Proposition 28: Theorem 4.4
The area of a regular polygon is equal to half the product of its apothem and its
perimeter.
Remember, a regular polygon is one whose sides are all
the same length.

All regular polygons are made of

equally sized triangles. The apothem is the segment that
has one endpoint in the center of the polygon, and the

a

other endpoint bisecting one of the sides to form right

angles.

This regular octagon has apothem a, and

perimeter P. By this proposition, its area is given by,
Perimeter = P

A=

1
×a× P
2

Note: The formula is found by adding the area of each triangle that makes up
the polygon.
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Proposition 29: Theorem 4.5
The volume of a triangular pyramid is equal to one-third the product of its altitude and
the area of its base.

1
A = × ( Area of Base ) × a
3

Altitude = a

Note: the altitude is the height of the pyramid.

•

Proposition 30: Theorem 5.1
The opposite sides of a parallelogram are equal and the opposite angles are equal.
In parallelogram CUBA,
opposite sides are equal,
C

and opposite angles are equal.
U

C

B

A

U

B

A

C1: A parallelogram is divided into two congruent triangles by either diagonal.
G

R
Given parallelogram GRAM…

M

A

G

M

R

A

G

M

R

A
Likewise, diagonal MR forms
∆ MGR ≅ ∆ RAM .

…diagonal GA is such that
∆ MGA ≅ ∆ RAG .
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C2: Segments of parallel lines cut off by a second set of parallel lines are equal.

C3: Two parallel lines are everywhere equidistant.
Given that lines l and m are parallel…
l
…the distance between the lines is always the same.
m

•

Proposition 31: Theorem 5.2
The diagonals of a parallelogram bisect each other.
Begin with a parallelogram, MEOP.

M

E

O

P
Draw its diagonals, PE and MO .
M

E
S

The diagonals will always cross at each
other’s midpoint.
P

O

Note: You can prove this by showing that ∆ MSP ≅ ∆ OSE (this is not the only way).
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•

Proportion 32: Theorem 5.3
If both sets of opposite sides of a quadrilateral are equal (congruent), the quadrilateral is
a parallelogram.
This is a parallelogram, since the sides across from each other are the same.

•

Proposition 33: Theorem 5.4
If one pair of opposite sides of a quadrilateral is both equal and parallel, the
quadrilateral is a parallelogram.
A

Notice in quadrilateral ABCD:

B

AD and BC are opposite sides.

D

AD ≅ BC , and AD | | BC .

C

Therefore, ABCD is a parallelogram.
•

Proposition 34: Theorem 5.5
If the diagonals of a quadrilateral bisect each other, the quadrilateral is a parallelogram.
R

D

Here we have quadrilateral ROAD, with diagonals
RA and DO that cross at the point M.
M

O

Since RM ≅ AM and DM ≅ OM , the diagonals
bisect each other.
Because of this, ROAD is a parallelogram.

A
•

Proposition 35: Theorem 5.6
If both sets of opposite angles of a quadrilateral are congruent, the quadrilateral is a
parallelogram.
Parallelogram
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Proposition 36: Theorem 5.7
If the diagonals of a parallelogram are congruent, then the parallelogram is a rectangle.
R

E

We know that RECT is a rectangle
if we can show that RC ≅ ET .

T

•

C

Proposition 37: Theorem 5.8
If the diagonals of a parallelogram bisect the angles of the parallelogram, then the
parallelogram is a rhombus.
Parallelogram DIAM has diagonals DA and MI that form angles 1 through 8.
D

D

If :
∠1 ≅ ∠ 2 ,

12

∠3 ≅ ∠ 4 ,
I

M

M

3
4

8
7

I

∠ 5 ≅ ∠ 6 , and
∠7 ≅ ∠8 ,

then DIAM is a
6 5

rhombus.
A

•

A

Proposition 38: Theorem 5.9
If the diagonals of a parallelogram are perpendicular, then the parallelogram is a
rhombus.
Parallelogram RHOM is a rhombus because its diagonals cross to make right angles.
H
R

O
M
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Proposition 39: Theorem 5.10
Base angles of an isosceles trapezoid are congruent.
Given isosceles trapezoid, ISOC, with angles 1, 2, 3, and 4, we know…
I

S
1

C

I

S

2

1

3

4

O

C

2

3

4

O

∠1 ≅ ∠ 2 , and ∠ 3 ≅ ∠ 4

C: The diagonals of an isosceles trapezoid are congruent.
Isosceles trapezoid ISOC has diagonals IO and SC .
I

S
Because this is an isosceles trapezoid,

X

we know that IO ≅ SC .

C

O

Note: This is proven by showing
∆ICO ≅ ∆SOC

•

Proposition 40: Theorem 6.1
Through any three given points not in a straight line, one and only one circle can be
drawn.

p1

p1
…only one circle

Through any three

can be drawn that

p2

points that aren’t in a

p2

goes through all

straight line…

three of them.
p3

p3

Note: This circle is the circumcircle to the triangle the points form.
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Proposition 41: Theorem 6.2
In the same circle, or in equal circles, if two arcs are equal, their chords are equal.
A

A
B

D

B
D

O

C
Given circle O with congruent arcs

O

C
…conclude AB ≅ CD

AB ≅ CD …

We can prove this by drawing in the radii OA , OB , OC ,
and OD . Then we can show that ∆ABO ≅ ∆CDO .

•

Proposition 42: Theorem 6.3
In the same circle, or in equal circles, if two chords are equal, their arcs are equal.
Given circle W with chords HI and XY …
H

H
X

X

W

I

W

I

Y
…if HI ≅ XY …

Y

…conclude HI ≅ XY .

We can prove this in a similar way to proposition 41.
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Proposition 43: Theorem 6.4
A diameter perpendicular to a chord bisects the chord and its arcs.
Given

A

circle

C

that

has

diameter

DM ,

perpendicular to chord AB at point F, we know
C

D

M

F

that the chord is split into two equal sections:
AF ≅ BF . We also know arc ADB is cut into two

congruent arcs as well: arc AD, and arc BD.
B
•

Proposition 44: Theorem 6.5
A diameter that bisects a chord (not a diameter) is perpendicular to the chord.

In circle G, since its diameter, NQ , bisects chord CH , we know that the diameter and the

(

)

chord are perpendicular NQ ⊥ CH .

N

N

C

C
Y
G

Y
H

implies

Q

G

Q

NQ ⊥ CH
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C: The perpendicular bisector of a chord passes through the center of the circle.

O

•

O

Proposition 45: Theorem 6.6
If two circles intersect, the line of centers is the perpendicular bisector of their common
chord.
intersecting circles

KEY
line of centers
common chord
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Proposition 46: Theorem 6.7
In the same circle, or in equal circles, chords equidistant from the center are equal.

Given that two chords are each the same distance from the center of a circle, you can
conclude that the chords are congruent.

C

C

Note: The proof of this is shown in Unit 1, Lesson 7, using congruent

triangles, and by the fact that the dotted lines above are
perpendicular bisectors, and cut the chords in half.
•

Proposition 47: Theorem 6.8
In the same circle, or in equal circles, equal chords are equidistant from the center.
Given that AB ≅ CD ,

you can conclude that the distance of each chord
from the center is the same.

A

A
B

B

C

C

D

D
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Proposition 48: Theorem 6.9
In the same circle, or in equal circles, if two minor arcs are unequal, the larger arc has
the larger chord.
Notice the arcs first.

H

Arc AR is larger than arc HD.

A

Because of this, we see that chords AR > HD .
D

R
•

Proposition 49: Theorem 6.10
In the same circle, or in equal circles, if two chords are unequal, the larger chord has
the larger minor arc.
Notice that in the circle, chords ME and GA are not
equal, and that ME > GA. From this theorem, we

E

then conclude that the arc measures are unequal in

M

the same way. That is, mME > mGA
G
A

•

Proposition 50: Theorem 6.11
In the same circle, or in equal circles, if two chords are unequal, the larger chord is
nearer the center.
As you can see, XY is closer to C than WZ is.
Y

X
C
W
Z
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Proposition 51: Theorem 6.12
In the same circle, or in equal circles, if two chords are unequally distant from the
center, the one nearer the center is larger.
The distances between chords LI and BM ,
and the center of circle O, shown by line
segments OH and OY , are not equal. In

H

L

I

fact, because LI is nearer to the center than

O

BM is, we can conclude that LI > BM.

B
•

M

Y

Proposition 52: Theorem 6.13
A line perpendicular to a radius at its outer extremity is tangent to the circle.
Given circle O with radius OH …

H
O

…if we draw a perpendicular line that crosses OH at
H, its outer extremity, that line will be tangent* to
H

circle O.

O

* tangent means that the line touches
the circle exactly once, and does not

go through it.
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Proposition 53: Theorem 6.14
The tangent to a circle at a given point is perpendicular to the radius drawn to that point.
Given circle O and line t where line t is
tangent to circle O at the point M,

M

O
t

if we draw radius OM , then line t and

OM must be perpendicular.

M

O
t
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Proposition 54: Theorem 6.15
Two tangents to a circle from an outside point are equal and make equal angles with the
line joining that point to the circle.

Start with a circle, O, and a point, G, outside the circle.
G

O

Next, observe the two lines that are tangent to the circle, and that pass through the
point, G.
G
T

We conclude that TG ≅ WG .
O
W

Furthermore, if we draw the line segment GO , which forms angles 1 and 2,
G
1

T

2

we will have ∠1 ≅ ∠ 2 .
O
W
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Proposition 55: Theorem 6.16
If two circles are tangent externally, the line of centers passes through the point of
contact.
These circles are tangent externally, which is a
I
D

fancy way of saying they touch without crossing.
The point of contact is point D, where they touch.
This proposition says that line HI , the line of

H

centers, will also pass through point D, as shown
below.

I
D
H

•

Proposition 56: Theorem 6.17
Two parallel lines intercept equal arcs on a circle.
Given line l is parallel to line m, we know that

These arcs
are equal.

l

m
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Proposition 57: Theorem 7.1
An inscribed angle has the same measure as half of its intercepted arc.
B

(Note: An inscribed angle is an angle whose vertex lies on
the circle, and whose legs also intersect the circle.)

m∠ ABC =

C

1
× mAC
2

A

•

Proposition 58: Theorem 7.2
An angle formed by a tangent and a chord from the point of contact has the same
measure as half its intercepted arc.

O
B

A

m∠ OBY =

Y
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Proposition 59: Theorem 7.3
An angle formed by two intersecting chords has the same measure as half the sum of the
intercepted arcs.
B

A
1
2
4
3

C

m∠1 =

1
(mAB + mDC )
2

m∠ 2 =

1
(mAD + mBC )
2

m∠ 3 =

1
(mAB + mDC )
2

m∠ 4 =

1
(mAD + mBC )
2

D

Notice that angles 1 and 3 are congruent, and angles 2 and 4 are congruent. This
should make sense, since these angle pairs are each vertical angles.
•

Proposition 60: Theorem 7.4
An angle formed by two secants, by a secant and a tangent, or by two tangents
intersecting outside the circle has the same measure as half the difference between the
intercepted arcs.

(Note: A secant is a line which intersects a circle at two points.)
Case 2: angle 1 formed by a
secant and a tangent

Case 1: angle 1 formed
by two secants
1
B

1

B

A
C

C
A
D

D

m∠1 =

1
(mDC − mAB)
2

m∠1 =

1
(mADC − mAB)
2
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Case 3: Angle 1 formed by two
tangents
1

B

A
C

m∠1 =

1
(mBCA − mAB)
2

• Proposition 61: Theorem 7.5

The perpendicular bisectors of the sides of a triangle are concurrent.
(Note: Concurrent means that they all intersect at the same point.)

This point is
called the
circumcenter

•

Proposition 62: Theorem 7.6
The bisectors of the angles of a triangle are concurrent.

(Note: the point of intersection is called the incenter.)

B
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Proposition 63: Theorem 7.7
The altitudes of a triangle are concurrent.
C

Orthocenter

Proposition 64: Theorem 7.8
The medians of a triangle intersect at a point that is two-thirds the distance from any
vertex to the midpoint of the opposite side.
B

D

E

BM =

2
× BF
3

CM =

2
× CD
3

AM =

2
× AE
3

M

A

C

F
Note: point M is called the centroid.

•

Proposition 65: Theorem 7.9
If a circle is divided into equal arcs, the chords of these arcs form a regular inscribed
polygon.

Here, we’ve divided a circle into 5 equal arcs. The chords connect to form a regular pentagon.
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Proposition 66: Theorem 7.10
If a circle is divided into equal arcs, the tangents at the point of division form a regular
circumscribed polygon.

Here, the circle is divided into six equal arcs.

(point of division)

When we take the tangent lines to each
division point…

…we see that the tangent lines cross to form
a regular polygon – in this case, a regular
hexagon.
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Proposition 67: Theorem 7.11
A line parallel to one side of a triangle and intersecting the other two sides, divides those
sides proportionally.

Here, ∆ TIM is being intersected

I

P

by line PW , where PW is

W

parallel to TM . Because of this,
the following is true:
T

•

IP
IW
=
PT WM

M

Proposition 68: Theorem 7.12
The segments cut off on two transversals by a series of parallels are proportional.
D
A

E
B
F
C

l

m
n

Given that lines l, m, n are all parallel, and are being cut by transversal lines AC and

DF , we know that the following ratios are equal:

AB DE
=
BC EF
•

Proposition 69: Theorem 7.13
If a line divides two sides of a triangle proportionally, it is parallel to the third side.
W
WO
WI
If
=
, then we know that IO || LS .
WS
WL
I
O
L

S
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Proposition 70: Theorem 7.14
Two triangles are similar if two angles of one are congruent, respectively, to two angles
of the other.
6

Triangle A
1

2

Triangle B
3
4

5

Since ∠ 3 ≅ ∠ 6 and ∠ 2 ≅ ∠ 5 , we conclude that triangle A is similar to triangle B.

•

Proposition 71: Theorem 7.15
Two triangles are similar if an angle of one is congruent to an angle of the other and the
sides including these angles are proportional.
H
K
S

I
U
A

∆ HAI is similar to ∆ KUS , if it is true that one of their angles is congruent
(∠ H ≅ ∠ K ) , and that the sides that make up the angle are proportional  HA = HI  .
 KU KS 

Note: Same shape = similar

Same shape and same size = congruent
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Proposition 72: Theorem 7.16
Two triangles are similar if their corresponding sides are proportional.

d

a
e

b
c

f

These triangles are similar if

a
b
c
=
=
d
e
f
•

Proposition 73: Theorem 7.17
The bisector of an interior angle of a triangle divides the opposite side into segments that
are proportional to the adjacent sides.

B

A
C

D

In triangle ∆ ABD , angle A has bisector AC , cutting side BD in such a way that

BC AB
=
CD AD

.

Propositions
99

National Pass Center April 2009

•

Proposition 74: Theorem 7.18
If the bisector of an exterior angle of a triangle divides the opposite side of the triangle
extended, it divides the opposite side externally into segments proportional to the
adjacent sides.
Begin with a triangle, say ∆ TRI

T

R

I

Find the bisector to an external angle. In this

case, we used external angle ∠ TRA , and

T

constructed its bisector, RN .

N
A

I

R

G

T
N

A

R

I

Then, if we extend both side TI and bisector RN until they cross at point G, the following
is true:

RI
GI
=
RT
GT
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Proposition 75: Theorem 7.19
In any right triangle, the perpendicular dropped from the vertex of the right angle to the
hypotenuse divides the triangle into two triangles similar to the given triangle and to
each other.

A
D

This proposition states that if BD
is the altitude drawn from vertex of
the

right

angle,

∆ABC ∼ ∆ADB ∼ ∆BDC .

B

C

Here’s why it’s true:

To prove that the triangles are similar, we need to show that they have two corresponding

angles that are congruent (proposition 70). First we will prove ∆ABC ∼ ∆ADB . Let’s find
some congruent angles in the two triangles. Since BD is the perpendicular line drawn from

AC , we know that m∠ADB = 90° . We were also given m∠ABC = 90° . The reflexive
property allows us to say that ∠A ≅ ∠A .

Therefore, our corresponding angles are

∠A ≅ ∠A and ∠ADB ≅ ∠ABC . Thus, ∆ABC ∼ ∆ADB by proposition 70. Now we

will show that ∆ABC ∼ ∆BDC . Since BD is the perpendicular line drawn from AC , we
know that m∠BDC = 90° . The reflexive property allows us to say that ∠C ≅ ∠C .
Therefore, our corresponding angles are ∠C ≅ ∠C and ∠BDC ≅ ∠ABC .

Thus,

∆ABC ∼ ∆BDC by proposition 70. Lastly, we know that ∆ADB ∼ ∆BDC , because they

are both similar to the same triangle ( ∆ABC ).
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C1: In any right triangle, the perpendicular dropped from the vertex of the right angle to
the hypotenuse, is the mean proportional between the segments of the hypotenuse.
B

This corollary states that if BD is
the altitude drawn from vertex with

the right angle, then

y

x : y = y : z . This can also be

stated as
C

A

D
x

x
y
= .
y
z

z

Remember that we stated ∆ADB ∼ ∆BDC in the last proposition. Since these two triangles
are similar, we know that the lengths of the corresponding sides are proportional. Remember

that m∠ADB = 90° and m∠BDC = 90° , so the sides adjacent to those angles are the legs
of a right triangle. Notice the two triangles share a common side

( BD ) ; however, this

common side does not correspond to itself among the two triangles. In ∆ADB , BD is the
longer leg.

In ∆BDC , BD is the shorter leg.

The proportion, then, that shows the

relationship between the lengths of the legs of the two triangles is:

longer leg
x
y
=
=
shorter leg
y
z
C2: In any right triangle if the perpendicular is dropped from the vertex of the right
angle to the hypotenuse, either side is the mean proportional between the
hypotenuse and the segment of the hypotenuse next to it.
B

This corollary states that if BD is the altitude
drawn from vertex with the right angle, then

y

x : y = y : z.

C

D

z

A

This can also be stated as

x
y
= . This can be proven using proportions
y
z

just as we did in the last corollary.
x
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C3: The perpendicular to the diameter of a circle from any point on the circle is the
mean proportional between the segments of the diameter.
B
D

z
y

x

C

A

This can be proven using similar triangles just as in C1. Notice the dotted lines we drew to
make ∆ABC . The interesting thing is that m∠ACB = 90° , because it is an inscribed angle
of a half-circle, or a semicircle. Thus, ∆ABC is a right triangle and we get the same
proportion as we did for C1 of proposition 75.

C4: The perpendicular to the diameter of a circle from any point on the circle and the
chord from that point to either extremity of the diameter is the mean proportional
between the diameter and the segment of the diameter adjacent to that chord.

E

A

EB
BD
=
ED
AD
B

C

D

EB
AB
=
EA
AD
The proof for this is identical to that of C2.
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NOTES

End of Propositions
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Algebra IA
Unit 1 Lesson 7/8 Classroom Extension
Addition/Subtraction of Signed (+/-) Numbers (Integers)

Objectives


Understand how to add and subtract with manipulatives.

Instructional Materials




Two different colored groups of items. Suggestions:


Colored paper strips



Plastic chips



Pennies & nickels



buttons

Combining integers worksheet (Next Page)

Classroom Activity


Let one color represent positive 1, and the other color negative 1.



Establish the rule that the combination of a positive integer chip and a negative integer chip
is zero. In other words, when you place a positive and negative next to each other, they
cancel out.



Provide students with 5 of each color and have them model the simple integer operations
provided on the activity sheet.



Make sure students represent addition as adding positives or negatives, and subtraction as
taking away positives or negatives.

Other Content Area Tie-in


Integers often come up when discussing temperature and money. Also, multiplication and
division are derived from addition and subtraction.
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Combining Integers
Name:_______________________________

Separate your items into two groups or categories (color is most common).
Categories:
Let one group represent positive integer chips. Let the other represent negative integer chips.
(Category)
Positive Integer:

_________________ (Color or shape)

Negative Integer:

_________________ (Color or shape)

Now that we have our positive and negative integer chips, please model the following
problems. Then, draw a picture of your model in the space provided. (Refer back to the
examples in lesson 3 for help)
1. 5 + 3

2. 6 − 2

3. −2 + 3

4. −5 − 1

5. 7 − ( −2 )

6. 5 + ( −5)

Create your own integer problems, and share with your group.
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Unit 1 Lesson 10/11 Classroom Extension
Fractions and Number Sense/Operation with Fraction

Objective
 Use manipulatives to add and compare fractions with unlike denominators
 Use manipulatives to grasp the concept of equivalent forms of fractions

Instructional Materials
 Copies of the activity sheets
 Copies of the handout with the shapes to be cut out
 Scissors

Classroom Activity
 Visit http://illuminations.nctm.org/LessonDetail.aspx?ID=U113 and follow instructions

listed at the top.
 Provide each student with a copy of the attached worksheet and ask them to model the

problems with the cut out shapes provided.
 Have them model various addition problems using the colored shapes.

Other Content Area Tie-in
 This will easily tie into equivalent fractions. It will show them that two triangles make a

parallelogram, three triangles make a trapezoid. This shows them what equivalent fractions
can be. Using more than one whole can also form mixed numbers.
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Please cut out the following shapes

1
=
3

1 whole =

1
=
2
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Unit 2 Lesson 5 Classroom Extension
Absolute Value

Objective


Investigate how absolute value is used in everyday life.

Instructional Materials


Newspapers

Classroom Activity


Analyze several days of reports from the newspaper that show the high and low
temperatures for cities across the country.



Assign each student a city in which they will record the rise and fall of the days’ high
temperatures on a vertical number line.



Observe and contrast the differences between the temperatures. Discuss how these
differences relate to absolute value.

Other Content Area Tie-in


Absolute value is used in statistical problems, such as finance and medicine. Suppose you
are driving a car. Driving too fast is a hazard and may earn a speeding ticket. Driving too
slow is also a hazard, and may also result in being ticketed. What matters is how different
one's speed is from the speed limit. This type of "difference" is fundamental to all sorts of
concepts in statistics, where the absolute value is used in various ways of quantifying how
well or how poorly one thing predicts another.
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Unit 2 Lesson 6 Classroom Extension
Order of Operations

Objectives


Use order of operations to simplify numerical expressions.



Develop algebraic understanding as expressions are simplified.

Instructional Materials


Who is Correct? Sheet (refer to NCTM’s website listed below)



Questions for students:
Why is it important for everyone to follow the same order in simplifying expressions?
[If we didn’t, we would come up with various answers for the same numerical expression.]

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?ID=L643 (NCTM). Follow the
instructional plan.

Math Connections


This makes connections with reading math. Students should improve problem solving
strategies. This lesson forces students to work together to reason through the problem.
This problem can force students to evaluate and explain why their answer is correct.
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Unit 2 Lesson 12-14 Classroom Extension
A Visual Representation of Logic

Objectives


Use pictures to develop an understanding of conditional statements



Give examples of direct, indirect, and transitive reasoning



Identify valid and invalid arguments

Instructional Materials


Direct, Indirect, and Transitive Reasoning Worksheets



Valid or Invalid Arguments Worksheet



Reference Sheet

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L384 (NCTM). Follow the
instructional plan.

Math Connections


This makes connections with representing ideas visually. It assists the students in realizing
how beneficial visual models can be in solving various types of problems. This should
help students understand the notation of logic symbols as well
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Unit 3 Lesson 5 Classroom Extension
Combining Like Terms

Objective


Use manipulatives to recognize and combine like terms

Instructional Materials


Candy manipulatives (such as Skittles or M&Ms)

Classroom Activity


Provide each student with a small bag of candy. Assign a variable, algebraic term, or
constant to each color. (For example, let red represent x, let green represent y, let blue
represent x 2 , let yellow represent 1, etc.)



Describe each collection of candy by collecting like terms.



Use a black or whiteboard to record each student’s algebraic expression that represents
their candy. Then have students combine like terms to represent the total collection of
candy.

Other Content Area Tie-in


Discuss how like terms are used in every day life. (Example: Each person in the classroom
can share their age and then the “like ages” can be combined.)
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Unit 3 Lesson 10-14 Classroom Extension
Multiplying/Dividing Polynomials

Objectives


Understand the relationship between expanding and factoring polynomials



Factor trinomials



Multiply monomials and binomials

Instructional Materials


Polynomial Puzzler Overhead



Polynomials Puzzler Activity Sheet (And Answer Key)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L798 (NCTM). Follow the
instructional plan.



Questions for students:


Did you try to expand first, and factor only if the spaces couldn't be fill in
otherwise? Did you seek out the spaces that required factoring first?



Did you use a traditional method to expand and factor, such as FOIL, or did
you develop your own strategies as you worked?



What is the mathematical relationship between expanding and factoring?


Expanding and factoring are inverses of one another. Students may also
talk about the fact that expanding is multiplying and factoring is
dividing.

Math Connections


The students will make connections between multiplying and dividing polynomials.
Students will be able to make the connection between factors of a polynomials and dividing
polynomials.
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Unit 4 Lesson 2 Classroom Extension
The Difference of Two Squares

Objectives


Analyze and represent patterns using algebraic symbols



Represent and compare quantities with integers



Communicate mathematical language clearly

Instructional Materials


Pen/Pencil and paper

Classroom Activity


Ask each student to do the first three steps individually and without sharing with their
neighbors. Step 4 will be discussed after some experimenting with various numbers.


Step 1: Pick any two consecutive integers
(Consecutive integers occur one right after the other {…3, 4, 5, 6 …})





Step 2: Square each number and find the difference



Step 3: Find the sum of the two original numbers



Step 4: Explain why steps two and three give the same result

One possible reaction when students complete Steps 2 and 3 is often amazement, followed
by confusion. Allowing students to communicate with fellow students is an invaluable tool.
Students who are comfortable with variables and symbolic manipulation usually solve the
problem using an appropriate algebraic equation, for example,


(n +1)2 - n2 = (n2 + 2n + 1) - n2 = 2n + 1 = (n + 1) + n

(It’s important to realize that if n is the first number, n + 1 is always the second number.)


A solution such as that in the above figure can set the stage for a discussion of the power of
algebraic symbols; however, you may wish to delay this discussion while other students
explore the problem using a more arithmetic approach, one that is also at the heart of
algebra as generalized arithmetic. This approach usually involves repeating steps 1-3 for
several pairs of consecutive numbers.
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The figure below shows a sample of the results of this approach after the students have
organized their data. Invariably, several students try to find a pattern in the various
computations that they used to test the validity of Step 4. The students often have some
interesting observations, but they usually cannot adequately explain the underlying reasons
for the similarities in the results of the computations contained in Steps 2 and 3.



42 - 32 = 16 - 9 = 7

4+3=7

52 - 42 = 25 - 16 = 9

5+4=9

62 - 52 = 36 - 25 = 11

6 + 5 = 11

102 - 92 = 100 - 81 = 19

10 + 9 = 19

Because further investigation of patterns may be necessary for these students, pose a
similar task which is designed to supply scaffolding for the students' thinking. However,
instead of using two consecutive numbers, use two numbers that differ by 2 (e.g., 4 and 6).
Their investigations may lead to information similar to that in the previous figure. If
necessary, repeat this process for numbers that differ by 3, but many students will attempt
this exploration on their own.
42 - 22 = 16 - 4 = 12

4+2=6

12 ÷ 2 = 6

52 - 32 = 25 - 9 = 16

5+3=8

16 ÷ 2 = 8

62 - 42 = 36 - 16 = 20 6 + 4 = 10 20 ÷ 2 = 10


At this stage, the students are in a position to cross the algebraic divide. Encourage a
discussion in which students examine a holistic view of all the computations and attend to
the patterns found in them. Ask students what specific observations they made that allowed
them to express the general rule. In response, such comments may include "The second one
was the sum of the numbers times 2, so I guessed that the third one is the sum of the
numbers times 3."



The discussion can continue using such language, and the students can discover the general
pattern in the computation. At times, students may invent their own language to discuss
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their discoveries. Students may use the notion of "start-off numbers" to explain how they
understood the general computational aspects of the difference-of-squares factoring pattern.


Although algebraic understanding has emerged, the need to express the ideas with formal
algebraic symbols may still exist. If so, ask the students to use variables to write the results
of the three investigations. Their equations for each investigation, respectively, may
resemble the following:

Case 1: When b = a – 1, then a2 – b2 = a + b
Case 2: When b = a – 2, then a2 – b2 = 2(a + b)
Case 3: When b = a – 3, then a2 – b2 = 3(a + b)


Appropriate discussion or student insight can guide students to realize that the coefficient
outside the parentheses in those three cases is equal to the difference between a and b. That
is, a - b is equal to 1, 2, and 3, respectively. Eventually, this may lead students to form a
conjecture about the general factoring pattern:

a2 - b2= (a + b)(a - b)


Slowly and with guidance, the students make an algebraic leap. Further, they require very
little knowledge of symbolic manipulation to produce the expression; the construction is
grounded in their arithmetic experiences.

Math Connections


Connections will be made between patterns and algebraic expressions. Students will learn
how to model patterns using algebra, as well as learn of the significance of representing
problems using variables.
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Unit 5 Lesson 12 Classroom Extension
Work Problems and Percent Problems

Objectives


Recognize equivalent ratios.



Solve proportions to estimate population size.

Instructional Materials


Paper cups



White beans



Marker



Capture-Recapture Activity Sheet (refer to NCTM’s website listed below)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L721 (NCTM). Follow the
instructional plan.

Other Content Area Tie-in


The Questions for Students on the Capture-Recapture website (NCTM) provide an analysis
of how proportions relate to the population of robins.
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Algebra IB
Unit 1 Lesson 1 Classroom Extension
Functions and Relations
Objectives


Distinguish between relations and functions.



Create a model of a function.

Classroom Activity


Consider a soda machine that charges $1.00 per soda and offers Soda A, Soda B, Soda C,
Soda D, and Soda E. Does this soda machine represent a function? (No since the same
element in the domain [$1.00] is assigned to five different elements in the range [Soda A,
Soda B, Soda C, Soda D, and Soda E].)



Design a soda machine that is a function. Provide an illustration of the machine and
explain why it is a function. (Example: Let the cost of each soda be unique.)

Math Connections


The population of the earth is growing at approximately 1.3% per year. The graph below
shows the relationship between time and population. This relation is an example of a
function since each element of the domain (years) is paired with exactly one element of the
range (population).
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Unit 1 Lesson 5 Classroom Extension
Slope of a Line

Objectives


Investigate how slope relates to real-world data.



Use slope to approximate rates of change in the height of boys and girls at different ages.

Instructional Materials


Rate of Change Activity Sheet (refer to NCTM’s website listed below)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L668 (NCTM). Follow the
instructional plan.

Other Content Area Tie-in


Discuss other areas in which slope may be used to represent a rate of change. (Example:
Gas mileage in miles/hour)
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Unit 1 Lesson 8 Classroom Extension
Effects of Change of Slope and Intercepts

Objectives


Graph a line based on data points



Find the equation of a line



Identify the y-intercept and slope, and state their significance in the context of the problem

Instructional Materials


Rate of Change Activity Sheet (refer to NCTM’s website listed below)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L668 (NCTM). Follow the
instructional plan.

Other Content Area Tie-in


Discuss other areas in which slope may be used to represent a rate of change. (Example:
Gas mileage in miles/hour)
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Unit 1 Lesson 14 Classroom Extension
Applications

Objectives


Investigate scatter plots and the line of best fit using technology.



Use a scatter plot to illustrate data on wildfires.

Instructional Materials


Computers or laptops with internet access

Classroom Activity


Visit http://illuminations.nctm.org/ActivityDetail.aspx?ID=82 (NCTM) and read the
instructions found at the top of the page.



Complete the “Exploration” activity.

Other Content Area Tie-in


Visit http://illuminations.nctm.org/LessonDetail.aspx?ID=L663 (NCTM) to investigate
wildfires and the correlations between variables using scatter plots and the line of best fit.
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Unit 3 Lesson 9 Classroom Extension
Graphing Quadratic Equations

Objectives


Explain the relationship between linear factors of a polynomial function and the graph of
the function



Based on the graph of two lines, graph the parabola that is the product of the two lines



Given the graph of a polynomial, find the equations of the line that could be components of
the polynomial

Instructional Materials


Student Activity Sheets (Refer to NCTM’s website listed below)



Three different colors to write with



Strip of paper or ruler



Graphing calculator (optional)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L282 (NCTM) and read the
instructions found at the top of the page.

Other Content Area Tie-in


Students will make connections between the degree of a function and the way it looks
when graphed. Student will also assess how the roots of a quadratic equation affect its
graph.

Algebra/Geometry Tutor Guide
136

National Pass Center April 2009

Unit 3 Lesson 14 Classroom Extension
Modeling Exponential Growth and Decay

Objectives


learn to analyze data to determine the type of function that most closely matches the data



demonstrate an understanding of how modifying parameters will change the graphs of
functions by writing equations for those functions

Instructional Materials


Student Activity Sheets (Refer to NCTM’s website listed below)



M&M's



Paper



Plates, cups, or other containers



Stopwatches



Birthday candles



Matches



Heat-resistant tiles or plates



Rulers



Centimeter grid paper



Weather data



Metersticks



Jug or coffee pot with a spigot



Scissors



Graphing calculators




Strip of paper or ruler
Graphing calculator (optional)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L300 (NCTM) and read the
instructions found at the top of the page.
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Unit 4 Lesson 1 Classroom Extension
Systems of Equations – Graphing

Objectives


Create a map of a local town using a system of equations.



Write linear equations to represent roads on the map.



Find the solution to a system of equations graphically.

Instructional Materials


Graph paper



Rulers or straightedges



Colored pencils

Classroom Activity


Follow the steps below to construct a map of a local town.
1. Using graph paper and a straight edge, draw at least three roads in the town. (Estimate
their location.)
2. Write a linear equation to represent each road on the map.
3. Color-code the roads and create a key with the equation of each road.
4. Label the point of intersection of each of the roads.

Other Content Area Tie-in


Examine the map of a city or state and locate the points of intersection of the roads or
highways. Discuss why the points of intersection are important when traveling or
navigating in the city or state.
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Unit 4 Lesson 1-4 Classroom Extension
Systems of Equations

Objectives


Compare two cell phone plans through examples of different usage



Write equations to model allocation of money for each cell phone plan



Solve a system of equations various ways

Instructional Materials


Activity Sheet (Refer to NCTM’s website listed below)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L780 (NCTM) and read the
instructions found at the top of the page.



Ask students to solve the system of equations using the various algebraic methods learned
in lessons 2 and 3 from this unit.



Ask students the significance of their algebraic solution with respect to the graphical
solution.

Other Content Area Tie-in


Students should being to realize the numerous ways to solve a problem. They will make
connections between the graph of sets of functions and how it relates to the algebraic
definition of the function.
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Unit 5 Lesson 5 Classroom Extension
Experimental Probability and Simulations

Objectives


Compare experimental to theoretical probability.

Instructional Materials


Computers or laptops with internet access

Classroom Activity


Visit http://illuminations.nctm.org/ActivityDetail.aspx?ID=79 (NCTM) and read the
instructions found at the top of the page.



Complete the “Exploration” activity.

Other Content Area Tie-in


Visit http://illuminations.nctm.org/ActivityDetail.aspx?ID=143 (NCTM) to relate
probability to wildfires.
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Unit 5 Lesson 11 Classroom Extension
Circle Graphs

Objectives


Compare number of different color M&M’s.



Find percentage of different color M&M’s.

Instructional Materials


Several vending size bags of M&M’s



Paper Plates

Classroom Activity


Every student should wash his/her hands before this activity.



Students will break into groups



Each group will open a bag of M&M’s but they cannot eat them yet. They will arrange the
M&M’s by color on the plate, and count how many of each color.



Students will then organize the colors into a circle on the plate.



Ask students to locate the center of the circle, and draw lines from the center of the circle
to the points that separate each color M&M. They should notice that this now looks like a
circle graph. Each wedge represents the percent of colors in each individual bag.



Ask students to find the percentages of the colors by dividing the number of each color by
the total number of M&M’s

Math Connections


Students should make connections between percentages and pie graphs. Students also get
practice on collecting data. Students get practice in frequency. This will later connect to
area of a section of a circle.
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Unit 5 Lesson 14 Classroom Extension
Box-and-Whisker plots

Objectives


Create and read box-and-whisker plots.



Make decisions based on box-and-whisker data collected.

Instructional Materials


Box-and-whisker activity sheet (refer to NCTM’s website listed below)



NBA player statistics (refer to NCTM’s website listed below)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L737 (NCTM). Follow the
instructional plan.



Ask the students to compare the median and mean of the data

Other Content Area Tie-in


Students will relate this to collecting data. They will also relate it to finding the median,
mode, and range. Students should be able to notice how the data spread affects the look of
the box-and-whisker plot.

End of Algebra Classroom Extensions
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Geometry A
Unit 1 Lesson 4 Classroom Extension
Plane Geometry

Objectives


Manipulate triangles to make various polygons.



Classify triangles.

Instructional Materials


Scissors



Glue



“Just two triangles” activity sheet (refer to NCTM’s website listed below)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?ID=L233 (NCTM) and read the
instructions found at the top of the page.

Other Content Area Tie-in


This will prepare students for triangulation. Triangulation is the method of breaking
irregular polygons into triangles and rectangles to find the area. This can also prepare
students for tessellations. Tessellations are patterns formed by geometric shapes.
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Unit 1 Lesson 11 Classroom Extension
Visualizing Three-Dimensional Objects

Objectives


Construct geometric figures



Determine when two isometric drawings can represent the same shape



Explain their reasoning

Instructional Materials


“Do they match” handout (or overhead)


found at http://illuminations.nctm.org/lessons/isometric/Isometric-OVHMatch.pdf



Computer with internet access

Classroom Activity


Distribute “Do they match” handout, and have students predict which pairs could be
drawings of the same object.



Use the isometric drawing tool (http://illuminations.nctm.org/ActivityDetail.aspx?ID=125)
to recreate the objects in the handout


Use the view tool and the rotation tools to determine whether predictions were
correct.
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Unit 2 Lesson 1 through 6 Classroom Extension
“Pieces of Proof”

Objectives


Identify properties that exist in a given figure.



Apply postulates and theorems to a figure to build a formal proof.

Instructional Materials


Proof kits consisting of envelopes with the statement and reason strips and diagrams inside.
If you use all the proofs, you’ll want to print copies of each proof on different colored
paper to help keep them separate.



Scissors



Poster paper and markers (optional)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?id=L727 and follow the instructional
plan.

Further Extensions


Provide proof kits that contain only statements. Expect students to generate the reasoning
as they construct the proofs.



Provide students with proof kits that contain decoy statements and reasons. Students will
have to only use necessary information to construct the proofs.



Provide students with proof kits that have some statements or reasons missing. Students
have to supply the missing pieces as well as write out the proof.
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Unit 2 Lesson 11 Classroom Extension
More Constructions
Objectives


Construct the circumcenter of a triangle.



Construct the incenter of a triangle.

Instructional Materials


Computer with internet access



Hospital Problem Overhead



Cities Triangle Overhead



Hospital Map Activity Sheet (1 copy for each student)



Blank transparencies (several per pair or group of students)



Compass, straight edge, ruler

Classroom Activity


Project, or distribute a copy of the hospital problem
(http://illuminations.nctm.org/Lessons/Hospital/Hospital-OVH-Problem.pdf)



Show students the location of the three cities with the hospital map activity sheet
(http://illuminations.nctm.org/Lessons/Hospital/Hospital-AS-Map.pdf)



Give student a blank transparency, and let them trace from the activity sheet onto the
transparency, using the location of the cities as vertices of a triangle.



Using a compass and straight edge, have students construct the perpendicular bisector of
each of the three sides of the triangle.



Have the students create a circle from the point where all the perpendicular bisectors
intersect, so that the circle intersects each of the three vertices of the triangle.



If computer access is available, this can be explored with the following applet:
http://illuminations.nctm.org/ActivityDetail.aspx?id=156

Other Content Area Tie-in


Students have constructed the circumcenter. This will serve as a connection when students
study properties of circles.
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Unit 4 Lesson 5 Classroom Extension
Area of triangles

Objectives


Determine the measure of parallelograms and triangles based on an initial rectangle.



Develop the idea of different area formulas based on the dimensions of a rectangle.

Instructional Materials


Construction Paper



Scissors



Rulers

Classroom Activity


Have students break into groups and work together. Give each group a sheet of
construction paper, a ruler, and a pair of scissors.



Ask the class to find the dimensions and area of the rectangular sheet of construction paper.



Then ask students to draw a line from the bottom right hand corner of the construction
paper to anywhere on the top of the construction paper. Then, using the scissors, ask
students to cut along that line. (Example shown below)

w
l


Next, have students slide the triangle from one side of the paper to the other, to form a
parallelogram

w=h
l=b
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Students should then realize that the new shape is a parallelogram (all students should have
a parallelogram, but they do not have to be the same shape). They should also conclude
that the area of the parallelogram should be the same as the area of the rectangle. No paper
was wasted, so the areas are the same.



See if they can determine which dimensions are the same between the rectangle and
parallelogram. ( A = bh = lw )



Lastly, have the students draw the diagonal in the parallelogram, and cut along that line.
(Example shown below)

h

b
 Students should see that they cut the parallelogram into two triangles. They should also

notice that they cut the parallelogram in half, so the area of each triangle should be half that
of the parallelogram.


Ask students if there are any dimensions that are the same between the parallelogram and
the triangle (The base and height are the same).



Show them that the area formula for a triangle is half the area formula for a parallelogram.
(A =

1
bh )
2

Other Content Area Tie-in


Students will have practice evaluating expressions with variables. Students will practice
classifying shapes based on their properties. Students will get practice with geometry
vocabulary.
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Unit 4 Lesson 11 Classroom Extension
“Fishing for the best prism”
Objectives


Create nets of rectangular prisms that have the same volume but different surface areas



Discover the type of rectangular prism that can be built to minimize cost



Apply real life considerations to minimizing cost, such as aesthetic appeal

Instructional Materials


“Fishing for the best prism” activity sheet


http://illuminations.nctm.org/Lessons/PrismFishing/PrismFishing-ASFishTank.pdf



“Fishing for the best prism” activity sheet

Classroom Activity


Distribute the “Fishing for the best prism” activity sheet



With the students, complete questions 1.



Divide students into three groups: each group assigned to work with one of the
configurations found in question 1.



Groups will complete pages 1 and 2.

Math Connections


Students will discover that surface area is found by finding the total area of the net of any
prism.
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Unit 5 Lesson 13 Classroom Extension
Law of Cosines

Objectives


Use right triangle trigonometry to develop the law of cosines.



Use the law of cosines to solve problems.

Instructional Materials


Law of cosines activity sheet
(http://illuminations.nctm.org/Lessons/LawSinesCosines/LawCosines-AS-Discover.pdf)

Classroom Activity


Distribute the activity sheet, and have students read the introduction.



Explain that students will be developing the law of cosines, a method that can be used
when the law of sines can not be.



Have students complete the activity sheet. (In pairs, if you choose)

Other Content Area Tie-in


Law of cosines comes in to play when students explore the triangle inequality, and the
cosine and sine of the difference of two angles.
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Unit 5 Lesson 14 Classroom Extension
Law of Sines

Objectives


Use right triangle trigonometry to develop the law of sines.



Use the law of sines to solve problems.

Instructional Materials


Law of sines activity sheet
(http://illuminations.nctm.org/Lessons/LawSinesCosines/LawSines-AS-Discover.pdf)

Classroom Activity


Distribute the activity sheet, and have students read the introduction.



Explain that students will be developing the law of sines, a method that can be used for
solving problems involving right triangles, as well as non-right triangles.



Have students complete the activity sheet. (In pairs, if you choose)

Other Content Area Tie-in


Law of sines is essential to discovering many other trigonometric relationships with
geometric figures.
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Geometry B
Unit 1 Lesson 4 Classroom Extension
Chords and Arcs
Objectives


Understand the concept of curvature as it relates to circles.



Understand that circles with greater curvature have smaller radii, and vice versa.



Apply definitions and theorems regarding curvature to solve circle problems.

Instructional Materials


Circle packing activity sheet
(http://illuminations.nctm.org/Lessons/CirclePack/CirclePacking/CirclePack-ASPacket.pdf)

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?ID=L692 and follow the
instructional plan

Other Content Area Tie-in


This activity offers students insight into the world of packaging science.
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Unit 5 Lesson 3 Classroom Extension
Reflections

Objectives


understand how reflections work and what happens when two or more reflections are
applied one after the other

Instructional Materials


A computer with internet access

Classroom Activity


Visit http://illuminations.nctm.org/LessonDetail.aspx?ID=L470 (NCTM). Follow the
instructional plan.

Other Content Area Tie-in


Creating figures as reflections of other figures develops a students’ understanding of
congruent figures.
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NOTES

End of Tutor Guide
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